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Abstract

This dissertation is about models for programming language semantics. In the
first part, we make use of the slogan for dependent type theory that, used as
a metalanguage, it can be a constructive counterpart to traditional set theory.
We use its categorical model based on E-categories with families to interpret a
version of itself.

In the second part, we develop a step-indexed model based on ultrametric
spaces to provide an elegant solution to the circularity problem known as “knots
in the store” which is created when concurrent programming languages are al-
lowed to dynamically allocate locks, used as synchronisation resources. The
issue comes from the fact that each lock, while stored in the heap, also pos-
sesses a resource invariant which is indexed over the same heaps. Finally, we
also prove the model sound by relating it to standard operational semantics.
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Introduction

Sadly, computer bugs are almost as ubiquitous as programs themselves, and
can sometimes have dire consequences (the infamous Ariane V crash springs
to mind). It has thus been for a long time a goal of computer scientists to be
able to provide mathematical proofs that a program will behave according to its
specifications.

There are a variety of reasons to explain why this is a difficult task. One of
them is the sheer size of real-world programs, which can in some cases total sev-
eral millions lines of code. Even in more modest cases, any real-world program
will have a variety of different components and libraries which will increase
exponentially the size of a proof. This makes the development of modular veri-
fication tools able to prove a sub-part of a program independently from the rest
a priority. A particularly effective such method is separation logic [Rey02],
where predicates can make explicit claims about which parts of the memory
they are using. By using the special operator ∗, it is possible to join specifica-
tions which act on separate parts of the memory without any additional work,
thus permitting to give localised proof of independent sub-programs.

Another issue comes from the evolution of programming languages to take
advantages of the possibilities offered by advances in hardware development. In
particular, concurrent programs competing to access shared resources in mem-
ory can lead to very complex race conditions or deadlock situations. Inciden-
tally, the counter-intuitive nature of many of these situations is further encour-
agement to pursue formal proofs of concurrent programs.

Good progress in the domain has been provided by Peter O’Hearn’s Con-
current Separation Logic[O’H04], which extends the separating conjunction to
concurrent programs accessing shared resources. The interference between the
different threads is handled via invariants associated with each resource and
which must be respected by every thread, describing how they can interact with
the resource.

This allows to reason about a single process of execution in isolation from all
others, and leads to a form of implicit heap splitting, where every memory cell
belongs to a particular thread at any given moment. Of course, such ownership
can change over time, with sub-heaps being passed around between threads.

One particular limitation of Concurrent Separation Logic comes from its
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x INTRODUCTION

treatment of locks and threads: they are fixed in number and pre-allocated. It
is not possible to dynamically create and destroy new locks and new threads,
which limits the type of programs that can be verified. To solve this problem, a
way to reason about storable locks has to be found, where locks are dynamically
allocated and have a ”physical” existence as a particular type of memory cell.
Similarly, new threads can be dynamically created via calls to a fork function
and destroyed once they are done executing via a join call.

Having locks live in the heap is however very problematic, as it introduces a
form of self-reference. Since there are resource invariants associated with each
lock which describe the heap in which the lock lives, the invariants can contain
themselves, leading to so-called “knots in the store”, a challenge first recognised
in a paper by Bornat et al.[BCOP05].

The model presented in this dissertation combines the best aspects of all
existing solutions to this problem: it stays close to the operational semantics
and leads to (relatively) straightforward proofs, yet has complete freedom for
the resource invariants to be as generic as the program requires and gives a true
semantic meaning to predicates.

To achieve this, we formulate the recursive domain equation expressing the
problematic self-reference of locks and solve it directly using a model based the
category of complete, bounded, ultrametric spaces (CBUlt), a technique used in
related works[BST10] and originally developed by America and Rutten [AR89].
The basic building brick of our model is the notion of downward closed uniform
predicate (UPred), which is a way of introducing step-indexing methods to our
proofs.

In order to prove soundness of our model with respect to the standard opera-
tional semantics of a small imperative language, we formulate a safety predicate
expressing that the entire program is in a state which is safe to execute for a num-
ber of steps and that any thread which has finished execution will satisfy a given
post-condition.
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Narrative
This dissertation is split in two distinct parts, corresponding to the two main
research directions pursued during the PhD.

First, we reproduce an article from the proceedings of the 2008 Mathemat-
ical Foundations of Programming Semantics conference, titled “The Interpre-
tation of Intuitionistic Type Theory in Locally Cartesian Closed Categories –
an Intuitionistic Perspective” [BD08]. It was co-written with Peter Dybjer from
Chalmers University of Technology and considers Type Theory (more specifi-
cally Martin-Löf Type Theory) as a constructive metalanguage in which to in-
terpret a version of itself.

A natural shift to a slightly more applied research theme occurred in 2008
with work on Hoare Type Theory, which bridged our previous work on type the-
ory with programming semantics and verification. An article was subsequently
published in the Types in Language Design and Implementation workshop, in
collaboration with Neelakantan Krishnaswami, Jonathan Aldrich, Lars Birkedal
and Kasper Svendsen, titled “Design patterns in separation logic” [KAB+09].
Since we only contributed the formal verification part of it, however, we decided
not to reproduce it in the present dissertation.

Starting in early 2009, we worked on building a model based on ultramet-
ric spaces for a simple concurrent language supporting dynamically allocated
storable locks, a final shift toward separation logic and program verification.
This gave rise to a publication in the proceedings of the 2011 Mathematical
Foundations of Programming Semantics, titled “A Step-Indexed Kripke Model
of Separation Logic for Storable Locks” [BBS11] and co-written with Kristian
Støvring and Lars Birkedal. The second part of the dissertation is an expanded
version of this paper.
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Outline
Chapter 1 is the in-extenso reproduction of the paper “The Interpretation of
Intuitionistic Type Theory in Locally Cartesian Closed Categories – an Intu-
itionistic Perspective” [BD08].

In Chapter 2, we discuss the general setting of our work and the main mo-
tivations for the domain of program verification. We present a simplified view
of the sequential, imperative language which forms the basic building block of
most works in the domain. We then discuss basic notions of concurrency, such
as data races, locks and ownership. We present the main tool for reasoning
about programs in a modular fashion, Separation Logic, and its extension to a
concurrent setting, appropriately named Concurrent Separation Logic. Finally,
we introduce the main issue we are striving to solve: adding locks as first class
objects in the heap leads to a circularity in the model which is not trivial to
solve. We also present two important related works on this issue: [GBC+07]
and [Hob08].

In Chapter 3, we introduce all the necessary definitions and establish the
settings for the rest of the dissertation. In particular, we present the impera-
tive language we will aim to verify, along with its operational semantics and
the assertion language used to express its specifications. Finally, we present a
number of examples using various features of the language and provide their
validity proofs.

In Chapter 4, we present our model, the main contribution of this work. We
introduce necessary definitions and theorems relating to metric spaces and show
how we use such spaces to solve a version of the recursive domain equations
expressed in chapter 2. Finally, we show how the actual Kripke model is built
from these bases.

Finally, in Chapter 5, we provide the necessary soundness proof of our
model, with respect to the operational semantics defined in chapter 3. We intro-
duce a logical abstraction of the machine state and show how to relate it to the
concrete view and its transitions. We then present a safety predicate for logical
states and use this to define what it means for a Hoare triple to be semantically
valid. Finally, we present detailed proofs of soundness for most relevant cases.



Chapter 1

The Interpretation of
Intuitionistic Type Theory in
Locally Cartesian Closed
Categories - an Intuitionistic
Perspective
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Abstract

We give an intuitionistic view of Seely’s interpretation of Martin-Löf’s intuitionistic type theory in locally cartesian closed
categories. The idea is to use Martin-Löf type theory itself as metalanguage, and E-categories, the appropriate notion
of categories when working in this metalanguage. As an E-categorical substitute for the formal system of Martin-Löf
type theory we use E-categories with families (E-cwfs). These come in two flavours: groupoid-style E-cwfs and proof-
irrelevant E-cwfs. We then analyze Seely’s interpretation as consisting of three parts. The first part is purely categorical:
the interpretation of groupoid-style E-cwfs in E-locally cartesian closed categories. (The key part of this interpretation has
been type-checked in the Coq system.) The second is a coherence problem which relates groupoid-style E-cwfs with proof-
irrelevant ones. The third is a purely syntactic problem: that proof-irrelevant E-cwfs are equivalent to traditional lambda
calculus based formulations of Martin-Löf type theory.

1 Introduction

In this lecture we draw together two of Phil Scott’s interests: the relationship between type
theory and category theory on the one hand and constructive category theory on the other.
Let us begin with a quotation from the book Introduction to higher order categorical logic
by Lambek and Scott [10]:

We also claim that intuitionistic type theories and toposes are closely related, in as much
as there is a pair of adjoint functors between their respective categories. This is worked

1 Email: abui@itu.dk
2 Email: peterd@cs.chalmers.se
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out in Part II. The relationship between Martin-Löf type theories and locally cartesian
closed categories was established too recently (by Robert Seely) to be treated here.

We shall here discuss Seely’s interpretation from an intuitionistic perspective. Our key idea
is to work in a constructive metalanguage. In fact we shall use Martin-Löf type theory itself
as a metalanguage! We shall use the same mindset as in the paper Normalization and the
Yoneda Embedding by Čubrić, Dybjer, and Scott [4]. In that paper we used the constructive
notion of a P-category where each hom-set is equipped with a partial equivalence relation.
We showed how the decision problem for equality in cartesian closed categories follows
more or less directly from a constructive reading of a few well-known facts about presheaf
categories including the Yoneda lemma. This provides a categorical and constructive alter-
native to the traditional solution, where equality in cartesian closed categories is decided by
using the normalization and Church-Rosser properties of the simply typed lambda calculus.

Note also that Martin-Löf called his theory "intuitionistic type theory", although it is
quite different from the "usual" intuitionistic type theory of Lambek and Scott which is
an intuitionistic version of type theory in the tradition of Russell and Church. Unlike the
usual type theory Martin-Löf type theory is a programming language. It is based on the
Curry-Howard identification of propositions and types, and the notion of dependent type
is primitive. When we talk about "intuitionistic type theory" in this paper we henceforth
always mean Martin-Löf’s intuitionistic type theory.

Seely’s interpretation is described in the paper Locally cartesian closed categories and
type theory [15]. His main result states that the following two categories are equivalent:

• the category of "Martin-Löf theories" with types ∏x∈A B[x],∑x∈A B[x], and I(a,b), where
the rules for the identity type I are those of the extensional intuitionistic type theory of
Martin-Löf [12,13].

• the category of locally cartesian closed categories.

Close scrutiny of Seely’s proof however reveals some issues in need of further clarifi-
cation. These issues were discussed by Curien in his paper Substitution up to isomorphism
[5]. Curien proposes a way

... to solve a difficulty arising from a mismatch between syntax and semantics: in lo-
cally cartesian closed categories, substitution is modelled by pullbacks (more generally
pseudo-functors), that is, only up to isomorphism, unless split fibrational hypotheses are
imposed. ... but not all semantics do satify them, and in particular not the general descrip-
tion of the interpretation in an arbitrary locally cartesian closed category. In the general
case, we have to show that the isomorphisms between types arising from substitution are
coherent in a sense familiar to category theorists.

Due to this coherence problem at the level of types, we are led to:
• switch to a syntax where substitutions are explicitly present (in traditional presenta-

tions substitution is a meta-operation, defined by induction);
• include type equality judgements in this modified syntax: we consider here only equal-

ities describing the stepwise performance as substitution.
...
To our knowledge, the work presented here is the first solution to this problem, which,

until very recently, had not even been clearly identified, mainly due to an emphasis on
interesting mathematical models rather than on syntactic issues.

2
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Curien proceeded to show that it is possible to interpret type equality as isomorphism in
lcccs, and solve the coherence problem, for intuitionistic type theory with Π-types.

Somewhat later, Hofmann [7] showed how to construct a model of dependent type
theory (category with attributes) with Π-types, Σ-types, and (extensional) identity types
from a locally cartesian closed category by using a construction of Bénabou [2].

In this talk we shall revisit the Seely-Curien-Hofmann interpretation from an intuition-
istic perspective. Seely, Curien and Hofmann of course all worked with the usual notion
of category and with the usual classical (informal set-theoretic) metalanguage. We shall
show how we get a new perspective on the problem if we work in an intuitionistic meta-
language, In particular, we shall explain why we are naturally led to interpret equality of
types as isomorphism of objects in a category; why constructions of intuitionistic category
theory nevertheless come with a choice (of pullbacks for example); and why the intuition-
istic perspective helps us to understand the construction of a term models of intuitionistic
type theory. Moreover, we point out that Seely’s abstract fact about an equivalence of cat-
egories becomes a computer program. We write a "compiler" between two "programming
languages": the language of intuitionistic type theory and the language of lcccs. Metamath-
ematics has become metaprogramming!

Our approach will be based on the notion of an E-category. This is the standard notion
of a category in the constructive sense. An E-category is just like a P-category, but hom-sets
are equipped with equivalence relations rather than partial equivalence relations.

In the remainder of the paper we shall

• use intuitionistic type theory itself as metalanguage; in fact, we only need the very core
of intuitionistic type theory, the "logical framework" with Π,Σ, and a universe;

• use the notion of an E-locally cartesian closed category (E-lccc);
• introduce the notion of an E-category with families (E-cwf) as a categorical substitute

for the formal system of intuitionistic type theory;
• show two alternative definitions: groupoid-style and proof-irrelevant E-cwfs;
• outline the proof that any E-lccc is a groupoid style E-cwf with Π, Σ, and I-types
• show some code which suggests how this result is implemented in the Coq-system;
• introduce the coherence problem of relating groupoid-style and proof-irrelevant E-cwfs.

The key part of the proof that any E-lccc is a groupoid style E-cwf has been implemented in
the Coq system by the first author. He has constructed the E-category of (groupoid style) E-
families EFam and also shown how to construct an E-functor T : C → EFam whenever C
has finite limits. We plan to present the details of the Coq-implementation in a forthcoming
publication.

Acknowledgements
These notes are based on a lecture given by the second author in the Special Session

to honour Phil Scott on the occasion of his 60th birthday year. It was held in conjunction
with MFPS XXIV in Philadelphia in May 2008. The second author is grateful for the many
things Phil Scott has taught him about the connections between logic, types, and categories,
and for very enjoyable collaboration. He would also like to thank Rick Blute and Andre
Scedrov for organizing the Special Session and for inviting him to contribute to it.
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2 E-locally cartesian closed categories

In Martin-Löf type theory a set is the same as a data type in a programming language.
However, many sets (the real numbers, the rationals, the carrier of the free group, etc)
come equipped with a notion of "equality" which is not the intrinsic identity of objects of
the data type. Since quotient formation is not a constructive operation on sets, constructive
mathematicians instead work with sets which are equipped with an equivalence relation.
We shall follow the terminology of Čubrić, Dybjer, and Scott [4] and call them "E-sets”,
although they are usually called "setoids" in the type-theoretic community. Martin-Löf has
proposed to call them "extensional sets". Bishop simply called them "sets", and used the
term "preset" for the underlying representing data type.

E-sets and E-functions
An E-set (setoid, Bishop set, extensional set) is a set with an equivalence relation.

Type-theoretically, an equivalence relation is a quadruple: a relation together with proofs
of reflexivity, transitivity, and symmetry. Hence an E-set is a quintuple, a set together with
the four components of the equivalence relation. In Coq we use records to represent tuples
and the type of E-sets is thus defined as follows, bearing in mind that "sets" in the sense of
Martin-Löf are implemented as "types" in Coq.

Record ESet : Type := {
carrier :> Type;
eq : carrier → carrier → Type;
refl : ∀x : carrier, eq x x;
trans : ∀x y z : carrier, eq x y → eq y z → eq x z;
sym : ∀x y : carrier, eq x y → eq y x

}.
Notation "x ≡ y" := (eq x y) (at level 70).

We would like to remark that this definition uses a form of universe polymorphism. The
level of the two instances of Type is implicit and will be determined by the context in which
the E-set is used. By choosing the levels appropriately we can both get a notion of "small"
E-set and various levels of "large" E-sets. Note that the type of ESet must be one level
higher in the universe hierarchy than the type of carrier.

Moroever, the sign :> signifies a coercion which allows us to use the same name for an
E-set and its carrier set.

An E-function (setoid map, Bishop function, extensional function) preserves the equiv-
alence relation:

Record EFun (A B : ESet) : Type := {
func :> A → B;
pres : ∀x y : A, x ≡ y → func x ≡ func y

}.

E-categories
As already mentioned, the constructive notion of category has E-homsets. However,

we do not include a notion of equality of objects as part of the structure of an E-category.

4
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As category-theorists often point out, the moral notion of equality of objects is isomor-
phism; we do not need another distinct, primitive notion of equality of objects. Our Coq
implementation is as follows:

Record ECat : Type := {
ob : Type;
hom :> ob → ob → ESet;
id : ∀A:ob, hom A A;
comp : ∀A B C:ob, hom B C ⇒ hom A B ⇒ hom A C;
idL : ∀(A B:ob) (f:hom A B), comp _ _ _ (id _) f ≡ f;
idR : ∀(A B:ob) (f:hom A B), comp _ _ _ f (id _) ≡ f;
assoc : ∀(A B C D:ob) (f:hom C D) (g:hom B C) (h:hom A B),

comp _ _ _ (comp _ _ _ f g) h ≡
comp _ _ _ f (comp _ _ _ g h)

}.

The⇒-notation expresses that composition is a binary E-function on E-homsets.
We have used a coercion which allows us to use the notation C A B for the E-set of

arrows between A and B in the E-category C .
As for the definition of E-set, the definition of E-category can be instantiated to yield

various notions of small and large category.

E-pullbacks
It is quite straightforard to formalize the basic E-categorical notions, see Huet and Saibi

[9]. For example, the constructive notion of E-pullback is implemented by the following
Coq code which states that an E-pullback is a function which maps a triple of objects A, B,
C and pair of arrows f, g (with appropriate sources and target) to a quintuple consisting
of the object D (the apex), the projection arrows h, k, and the proofs sq and un (of the
commutativity of the pullback square and of the universal property, respectively):

Record EPullback (C : ECat) (A B C : ob C)
(f : C B A) (g : C C A) : Type := {

D : ob C;
h : C D B;
k : C D C;
sq : f ◦ h ≡ g ◦ k;
un : ...

}.

Since it is a constructive function an E-pullback always comes with a computable
choice. We essentially have an instance of the type-theoretic axiom of choice, which ex-
presses (in Coq-notation) how to construct a choice function f from a set A to an A-indexed
family of sets B:

(∀ x : A, ∃ y : B x, C x y) →
(∃ f : (∀ x : A, B x), ∀ x : A, C x (f x))

The validity of this axiom is a direct consequence of the constructive meaning of the
logical constants following the Brouwer-Heyting-Kolmogorov (and Curry-Howard-Martin-
Löf) interpretation.

5
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Note however that the "extensional" axiom of choice [14] is not valid. If A and B are
E-sets, there is no reason why the choice function f should preserve the equivalence rela-
tion. But does the E-pullback come with an extensional choice? This is only a meaningful
question if we equip the set of objects of the category with an equivalence relation. If this is
isomorphism, then the answer is yes, E-pullbacks map equal arrows to isomorphic objects.

E-locally cartesian closed categories
We can now define the notion of an E-locally cartesian closed category as an E-category

C such that all E-slice categories C/A are E-cccs for all objects A. The objects of the E-slice
category C/A are arrows of C with target A. The arrows of C/A are commuting triangles,
formalized type-theoretically as pairs of arrows and proofs that the triangle commutes.

Note that since there is no primitive notion of equality of objects in C/A, the equality
of arrows in C is not passed on to these objects. However, we can prove that equal arrows
of C become isomorphic objects of C/A.

Since it is straightfoward to define the notion of E-cartesian closure, we can define the
notion of E-lccc as follows:

Record ELCCC : Type := {
C :> ECat;
ccc : ∀ A : ob C, ECCC (C/A)

}.

3 E-categories with families

What is Martin-Löf’s intuitionistic type theory?
Having completed the E-categorical definition of lcccs, we now ask ourself how to for-

malize Martin-Löf type theory. And since Martin-Löf type theory is also our metalanguage,
the question actually is how to formalize it in itself!

Before we address this question we need to ask ourselves exactly where to find a precise
definition of Martin-Löf type theory. Looking through the literature it becomes apparent
that it is not clear that there is a canonical definition. When writing down the syntax and
inference rules for intuitionistic type theory, we have to make some choices. Should we
use typed lambda calculus a la Church or a la Curry? Is the rule of substitution primitive or
derived? Is the substitution operation explicit (a constructor of syntax) or implicit (an op-
eration on the metalevel)? How are variables represented, with names or de Bruijn indices
or de Bruijn levels? Are universes formulated a la Russell or a la Tarski? Etc. Of course,
we believe that there is a number of equivalent formulations, but it may not be so easy to
prove this rigorously. And how do we make sure that we do not forget any inference rules?
The lack of a canonical definition is somewhat disturbing.

We here propose to use an abstract algebraic characterization of intuitionistic type the-
ory as the initial category with families (cwfs) with extra structure [6,8,3,1]. This is a
notion defined up to isomorphism. Cwfs provide the "minimal algebraization" of intuition-
istic type theory: substitution is made explicit and variables are replaced by projections.
However, dependent types are not modelled by fibrations as in lcccs and many other cate-
gorical notions of model of dependent types.

Note that cwfs are similar to indexed categories. However, cwfs match the syntac-
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tic structure of dependent type theory better, whereas indexed categories are closer to the
syntactic structure of predicate logic.

Categories with families (cwfs)
A category with families consists of

• C, a category of contexts. Its objects are called contexts and its morphisms are called
substitutions.

• T : Cop→ Fam, a functor where the
object part maps a context Γ to the family of sets of terms {a | Γ ` a : A} indexed by

the set of types {A | Γ ` A type} in Γ.
arrow part maps a substitution γ to a pair of functions which perform substitution of γ

in types and terms respectively. We write A[γ] for substitution of γ in a type A and a[γ]
for substitution of γ in the term a.

• A terminal object [ ] of C called the empty context. The unique arrow into [ ] is the empty
substitution.

• A context comprehension operation which to an object Γ of C and a type A in Γ associates
four components
context extension: an object Γ;A of C;
weakening: a morphism pΓ,A : Γ;A→ Γ of C - the first projection
assumption: a term qΓ,A ∈ Γ;A ` A[pΓ,A] - the second projection
substitution extension: for each object ∆ in C, morphism γ : ∆→ Γ, and term a ∈ ∆ `

A[γ], there is a unique morphism θ = 〈γ,a〉 : ∆→ Γ;A, such that pΓ,A ◦ θ = γ and
qΓ,A[θ] = a. This is the universal property of context comprehension.

Context comprehension in categories with families is similar to Lawvere’s comprehension
schema in hyperdoctrines [11].

E-cwfs and the E-category of E-families
It is clear how to understand the above definition of cwf if we base it on the usual (set-

theoretic) notions of category, functor, etc. But how are cwfs understood constructively as
"E-cwfs"? It should consist of

• an E-category C .
• an E-functor T : C → EFam.
• an E-terminal object.
• an E-context comprehension.

The crucial question is how to define the E-category of E-families EFam, since the other E-
categorical notions are clear. It turns out that there are two interesting alternatives: groupoid
style E-families and proof-irrelevant E-families.

The first alternative uses the analogy between E-sets and groupoids. As already men-
tioned an E-set is a quintuple consisting of a set, a relation, and proofs of reflexivity, transi-
tivity, and symmetry. If we equate all proofs we get a groupoid, where the carrier becomes
the set of objects, the proofs that two objects are related become arrows, the proofs of re-
flexivity become an identity arrows, transitivity proofs become composition arrows, and
symmetry proofs become inverse arrows in a groupoid.

7
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Hence an E-set indexed E-family should be analalogous to a groupoid-indexed family of
groupoids. These are isomorphism-preserving functors from a groupoid A to the category
of groupoids:

B : A →Groupoid
We write down the resulting definition in ordinary mathematical notation, since the Coq-
code is somewhat lengthy.

If A is an E-set, then an A-indexed family of E-sets consists of

• a family B of E-sets indexed by the carrier set of A;
• a reindexing map ι(p) : B(x′)→ B(x) whenever p : x≡A x′.

such that

• ι(refl)≡ext id (the identity map);
• ι(trans(p, p′))≡ext ι(p)◦ ι(p′) (composition of maps);
• ι(p) is an E-bijection with inverse ι(sym(p)).

Here,≡ext refers to extensional equality of E-functions, that is, functions which map equiv-
alent elements of the domain to equivalent elements of the codomain.

Let B be an A-indexed family of E-sets and let B′ be an A′-indexed family with reindex-
ings ι and ι′, respectively. A morphism between these two families consists of

• an E-function f : A→ A′;
• an A-indexed family of E-functions g(x) : B(x)→ B′( f (x)) for x : A.
• which is natural in x:

B(x′)
g(x′)

- B′( f (x′))

B(x)

ι(p)

?

g(x)
- B′( f (x))

ι′( f (p))

?

whenever p : x≡A x′.

There is an obvious definition of equivalence of morphisms of E-families.
The first author has implement the E-category EFam in Coq, but we have to postpone

showing the details of this implementation to a forthcoming publication. Given this defi-
nition and definitions of E-functors, E-terminal objects, and E-context comprehension, the
code for E-cwfs can be given as the following Coq-record:

Record ECwf : Type := {
C :> ECat;
T : EFunctor C EFam;
te : ETerminal C;
cc : EContextComprehension C T

}.

Cwfs only capture the most basic structure of dependent types, but it is easy to add extra
structure for interpreting Π-types, Σ-types, and I-types [6,1]:

8
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Record ECwfPiI : Type := {
C :> ECwf;
pi : EPi C;
sigma : ESigma C
i : EI C

}.

We have ended up with an iterated record structure. For example, the first component of an
E-cwf is an E-category which itself is a record, and the second component of an E-category,
the family of E-homsets, is a binary record-valued function.

E-cwfs as a flat record
Our iterated record structure can however be flattened (in the sense of functional pro-

gramming). If we reorder and rename the components we see that this flattened record
bears a strong similarity with the structure of the inference rules for the judgements of
Martin-Löf type theory. The first seven components of the flattened record codify the seven
forms of judgement of a substitution calculus in the style of Martin-Löf:

Record FlatECwf = := {
Ctxt : Type;
Hom : Ctxt -> Ctxt -> Type;
EHom : ∀ G D : Ctxt, Hom G D → Hom G D → Type;
Ty : Ctxt -> Type;
ETy : ∀ G : Ctxt, Ty G → Ty G → Type;
Tm : Ctxt -> Ty -> Type;
ETm : ∀ G : Ctxt, ∀ A : Ty G, Tm G A → Tm G A → Type;
...
inference rules
...

}.

Note that there is no judgement for equality of contexts, since our category of context does
not have an equality of objects.

The remaining components of the flattened record correspond to the inference rules of
a substitution calculus for dependent types. We only give one example of an inference rule:
the type equality rule (conversion rule). It comes from the reindexing map of E-families:

iota : ∀ G : Ctxt, ∀ A A’ : Ty G,
ETy G A A’ -> Tm G A’ -> Tm G A

E-cwfs as a flat record resembles Curien’s [5] explicit substitution calculus for dependent
types with explicit witnesses of type equalities. We can view it is a systematic reconstruc-
tion of Curien’s syntactic calculus, where we have relied on E-categorical structures.

4 Seely’s interpretation, intuitionistically

E-cwfs from E-categories with finite limits
We can now prove an E-categorical version of Seely’s theorem. As in Seely [15] we

get the E-cwf structure (with Π,Σ, and extensional identity types) from an E-lccc C in the
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following way:

• The base E-category is C .
• A type in a context Γ is an object of the slice E-category C/Γ. Equality of types is

isomorphism in the slice E-category.
• A term of type A in context Γ is a section of A. Equality of terms is inherited from

equality of arrows in the base E-category.
• Substitution in types is obtained from the E-pullback construction. We can here verify

the laws of groupoid-style E-cwfs.
• Etc, essentially following Seely, but with explicit treatment of inference rules of (flat-

tened) E-cwfs relating to the interpretation of type equalities as isomorphisms in C .

We have implemented the key part in Coq, the construction of the groupoid style E-category
EFam and the E-functor T : EFunctor C EFam. To prove this result, and more generally to
construct the groupoid style E-cwf structure it suffices for C to be an E-category with
finite limits. The details of this implementation are planned to appear in a forthcoming
publication.

The coherence problem
Have we now finished our constructive version of Seely’s theorem? No, although we

have argued that the flattened version of the E-cwf record has a close correspondence to
Curien’s calculus of explicit substitution we need to relate this to the "usual" syntax. The
usual syntax however corresponds to proof irrelevant E-cwfs, the second alternative men-
tioned above. This is because proofs of type-equalities do not matter in the usual inference
system.

We define an E-cwf to be proof irrelevant iff the following principle holds.

coh : ∀ G : Ctxt, ∀ A A’ : Ty G,
∀ p p’ : ETy G A A’, ∀ a : Tm G A,
ETm (iota G A A’ p a) (iota G A A’ p’ a)

The coherence problem is to relate groupoid style E-cwfs and proof irrelevant ones. Curien
solved a similar coherence problem by a process of cut-elimination. We expect that it is
possible to provide an E-categorical version of Curien’s proof, but have to leave this as a
conjecture for future work. It is not clear to us whether Hofmann’s use of the Bénabou
construction [7] can be transfered to our constructive setting.
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Chapter 2

Concurrency and Separation
Logic

2.1 A simple operational model
Though the ultimate goal of the field of software verification, as its name sug-
gests, is to verify actual programs running on real world computers, the com-
plexity of such machines is much too high to model directly. Indeed, there
are many layers in a single machine, from the individual electric signal going
through a transistor to the operating system executing a user program.

Though recent efforts have been made to model some of these layers in a
way that matches as accurately as possible their physical counterparts [Alg10,
OSS09, Ler06], it is far more practical to instead work with simplified, idealised
versions of the machine. By removing needless details which are orthogonal to
the issues at hand, we can more closely focus on what really interests us, instead
of getting lost in a sea of irrelevant details.

To take a single example, we consider the memory to be infinite in our mod-
els. This is of course not true in the real world, but we can always assume
that whenever needed, the operating system will transparently allocate more
memory to the program. Though this is actually a complex operation requiring
important modifications to the virtual space addressing, from the point of view
of the program, nothing special happened: it tried to use more memory and got
access to it. Since we are not interested in mechanisms used to cope with the
entire machine running out of physical memory (a rare occurrence with modern
computers and the type of programs we consider), we will simply consider it
never happens.

We will thus consider and use a relatively simple and standard abstraction
of what happens when a computer executes a program.

We use an operational model: a program is simply a sequence of instruc-
tions, executed one after the other. At any point of the execution, we can find a
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program pointer to the instruction about to be run. In a sequential setting, there
is only a single program pointer.

Memory is one of the most important resources available to a program and
is used to store information. There are two different types of memory made
available: the heap and the stack.

The heap is a long term store made of an infinite number of consecutive
cells. Each cell has a unique address and can contain an object, usually an in-
teger. If there are no safeguards in the model, any program can access any cell
simply by using a pointer to its address (also an integer). It can then either
read the value contained in the cell or write a new value. Especially when con-
currency is involved, memory corruption can happen very easily if a program
starts writing unexpected values in a specific location. A program can also re-
quest from the operating system to be given access to some unallocated memory
cells, fresh memory.

A particular issue with the heap is what happens when a program is done
using a particular piece of memory. Unused memory cells which are not re-
claimed by the operating system are essentially lost until the operating system
realises that it can reuse them next time a program requests some fresh memory.

There are two mechanisms to deal with this. Some low level programming
languages, for instance C, require the program to keep track of all its memory
and explicitly declare the memory as not needed anymore through the call to the
procedure free. While a simple approach, this also demands from the program-
mer a thorough understanding of all the data structures he uses and, as attested
by the well known SEGFAULT exception, often leads to addressing errors when
a memory cell still in use is mistakenly deallocated.

The alternative solution is to let the machine try to guess which cells are
safe to deallocate and which ones are still in use. This is done via the use of
a program called the garbage collector, running in parallel with the user pro-
grams. GCs use a variety of strategies and heuristics to determine which cells
are unused. By nature, they are conservative: a false negative slightly increases
the memory footprint, while a false positive will almost certainly generate an
addressing error and the sudden stop of the program execution. Most high level
languages, such as C#, Haskell or OCaml use garbage collectors, as it greatly
simplifies memory usage for the programmer.

The other type of memory is the stack. It is more volatile and less struc-
tured than the heap and is used to remember which values each variable used
by the program contains. In our models, the stack is an association table from
variable names to integer values. Each variable has a scope, the part of the pro-
gram where it is defined, which is determined by the language. Unlike in the
heap, knowing the name of the variable is not necessarily enough to access the
contents of the stack - the variable also needs to be in scope. Since variable
names are not significant in themselves, it is possible to modify all occurrences
of a variable to a different name, a process known as alpha conversion which,
despite its apparent simplicity, can lead to complex issues.



2.2. CONCURRENCY AND RACE FREE PROGRAMS 15

2.2 Concurrency and Race Free Programs
In this dissertation, we are interested in issues related to concurrency: running
several programs in parallel and studying their interactions. There are many
different ways that concurrency is used in the real world:

• Several machines can run programs and interact via a network connexion.

• A single machine can have multiple independent processor.

• A single processor can have multiple cores.

• A single processor core can run the programs along with a scheduler
which will switch between different executions as required.

In all cases, however, the result is the same from the point of view of each
of the programs (also known as threads).

Interesting things start happening when the threads interact with each other
and compete for access to memory resources, either an address in the heap or a
variable in the stack. While this is desirable since it allows programs to collab-
orate on a given task, it also creates a whole set of new problems.

A race condition occurs when two threads want to access the same resource
in an unprotected way. If at least one of them tries to write to the memory,
the outcome becomes uncertain, since it depends on which thread actually ex-
ecutes first, something over which the user has no control. Additionally, this
non-determinism is extremely difficult to detect when debugging, since the race
condition might be difficult to reproduce. For these reasons, programs exhibit-
ing race conditions will generally be considered as erroneous. A large part of
concurrency verification consists in making sure the considered programs are
race free.

To illustrate this point, consider the program in figure 2.1.

1 inc (x) {
2 local y;
3 y = x + 1;
4 x = y;
5 }
6 z = 0;
7 inc (z) || inc(z);

Figure 2.1: A racy program

The operator || means we are executing both sides in parallel and the local
keyword takes a fresh value in the stack, invisible outside of the scope of the
procedure.
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It would appear to a casual observer that this program will simply increment
twice the value of z, resulting in a final value of 2. However, there is one possible
interleaving which returns a different result: if there is a context switch after the
first thread has executed line 3, then both threads will have a value of 1 in their
respective y variables. Executing their line 4 will result in both thread assigning
1 to the shared memory cell at location z, thus generating a different final result.

2.3 Critical Regions and Locks
To make sure programs are race-free, one should make sure that no unwanted
interleaving can happen when shared resources are manipulated. This can be
achieved by ensuring that the granularity of the language is sufficient – for in-
stance if instead of using the inc procedure from program 2.1, we have a built-in
operator that we know is atomic (i.e. can’t be interrupted), then the program can
safely execute parallel incrementations of the same variable.

However, atomic operations are usually very low-level, if they exist at all in
the considered programming language. An alternative solution which doesn’t
rely on the details of the language is to delimit explicitly critical regions. Con-
cretely, portions of the program are allowed to execute only if they are in pos-
session of a particular resource, or lock. If they are the first thread to execute
(the lock is free), they acquire it and continue executing. The next thread, how-
ever, finds the lock currently unavailable and has to wait for the first thread to
be done manipulating the shared resource, at which time it releases the lock.

A race-free version of program 2.1 would then be:

1 inc (x, l) {
2 local y;
3 acquire (l);
4 y = x + 1;
5 x = y;
6 release (l);
7 }
8 z = 0;
9 m = makelock();

10 inc (z, m) || inc (z, m);

Figure 2.2: A race-free version of program 2.1

The lock operations at lines 3 and 6 delineate clearly the critical region,
where it would be unacceptable for the program to be interrupted.

It is worth noting that critical regions are labelled by the lock they use to
protect their resources, which allows a fine granularity: programs are allowed
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to have multiple critical regions to protect different resources, or even the same
resource from different threads.

This freedom, however, comes at a price. When multiple locks are used
to nest critical regions into each other, an insidious type of error can appear:
deadlocks, where every thread is waiting for somebody else to release a lock.
In its simplest form, a deadlock appears in some interleavings of program 2.3.

1 f (l1, l2) {
2 acquire (l1);
3 acquire (l2);
4 skip
5 release (l2);
6 release (l1);
7 }
8 m1 = makelock();
9 m2 = makelock();

10 f (m1, m2) || f(m2, m1);

Figure 2.3: A deadlocking program

If execution switches from the left to the right thread after line 2, the left
thread will possess lock m1 and wait for lock m2, while the right one will be in
the opposite situation: it holds m2 and waits for m1. In this situation, progress
is impossible, and both threads will wait forever, much to the despair of the
programmer.

While deadlocks are often a major concern when working with concurrency,
it is not a topic we will be overly interested in in this work, and no further
mention will be made.

2.4 Ownership
Throughout this work, we will refer to a thread owning a particular piece of
memory. This comes from the ownership hypothesis [O’H07], which is re-
spected by non-racy programs:

Ownership hypothesis
Each thread only accesses parts of the memory that it owns.

All threads, or code fragments, have shared ownership of the portions of
memory that they read from, and exclusive ownership of those they write to.
Since ownership can evolve dynamically during the execution of the program,
this is a very useful abstraction. In particular, acquiring or releasing a lock
means that a thread gains or loses the right to access certain locations, which
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translates to modifications of ownerships of those locations. In this sense, ac-
quiring a lock can be seen as acquiring ownership of the piece of memory “pro-
tected” by that lock, while conversely, releasing it will give the memory back
to the environment. This is a key idea of the model we will build in chapter 4.

It should be noted, however, that unlike locks, ownership is not a language
mechanism but merely an abstraction, or a “useful way to think about this”. In
particular, it is possible for incorrect programs to violate the ownership hypoth-
esis and address memory locations they do not own, which concretely corre-
sponds to using shared resources outside of critical regions.

2.5 Modular Program Verification:
Separation Logic

Whenever we want to reason about heap manipulating programs, one of the
most useful tools is that of the Hoare Triple [Hoa69]. Informally, a Hoare
Triple {P}c{Q} is satisfied if, whenever a state satisfies the predicate P (the
precondition), we can execute the command c and the resulting state will satisfy
the predicate Q (the post-condition).

This provides a simple and straightforward way to specify the desired prop-
erties of a program and to compose already verified fragments. However, there
are also some severe limitations. One of them is that Hoare Logic necessitates
to keep track of the whole memory - indeed, every fragment of the program
needs to make sure that nobody else will modify the part of the heap that it re-
lies on. It is not enough to ensure that variables are only used in this specific
fragment, since aliasing (the addressing of the same memory location by two
different variables) is a common occurrence.

To solve this problem within the framework of Hoare Logic, it is necessary to
adjoin each predicate with an extra requirement saying essentially “and nobody
else interferes with us”. This can be difficult to formulate precisely, and it gives
rise to an explosion in complexity, exponential in the number of code fragments
to be proved. For real world programs which can have hundreds or thousands
of independent parts, this approach is clearly unpractical.

This is why modularity is a desired feature of any verification system: we
want to be able to make independent proofs of independent parts of the pro-
grams: it should be enough to prove that a fragment satisfies its specification
and that it doesn’t interfere with the rest of the program for us to be able to
compose it with any other similarly well behaved components.

A solution was proposed in the form of separation logic [Rey02, O’H04].
Its basic idea is to add some operators to the predicate language to specify ex-
plicitly that different predicate describe independent parts of the heap.

Separating Conjunction
The separating conjunction of two heap fragments h1 and h2 is well defined
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if and only if h1⊥h2 (i.e. dom(h1) ∩ dom(h2) = ∅). h1 ∗ h2 is then defined as
h1.h2 (i.e. (h1 ∗ h2)(l) = h1(l) if l ∈ dom(h1) and h2(l) if l ∈ dom(h2)).

The separating conjunction is naturally extended to predicates: P ∗ Q is
satisfied by a heap h if there is a splitting h = h1 ∗ h2 such that h1 satisfies P
and h2 satisfies Q.

More formally, most separation logic models are used to provide proofs for
heap manipulating programming languages:

Heap = Loc ⇀fin V al

Stack = V ar ⇀fin V al

State = Heap × Stack

The grammar of separation logic assertions is:

E, F ::= Logical Expressions
| x Variables
| v Values
| E + F | E − F | . . . Arithmetic Operations

P, Q ::= Formulas
| E = F Boolean Expressions
| emps Empty Stack
| emph Empty Heap
| E 7→ F Singleton Heap
| P ∧ Q Classical Conjunction
| ¬P Classical Negation
| P ∗ Q Separating Conjunction
| P −−∗ Q Magic Wand

Figure 2.4: Separation logic assertions

The interpretation of these assertions is given by a satisfaction relation on
states of the form σ ⊨ P . The full semantics can be found in figure 2.5.

One of the most important features of separation logic is the soundness of
the frame rule, which is key to proving modular programs.

The frame rule says that, whenever a command c satisfies its specification
in a certain state, then it satisfies it in all independent extensions of this state.

Frame Rule

{P}c{Q}
{P ∗ R}c{Q ∗ R}

freevar(R) ∩ freevar(c) = ∅
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[|x|]s = s(x)
[|v|]s = v

[|E + F |]s = [|E|]s + [|F |]s
. . .

(s, h) ⊨ E = F iff [|E|]s = [|F |]s
(s, h) ⊨ emps iff dom(s) = ∅
(s, h) ⊨ emph iff dom(h) = ∅
(s, h) ⊨ E 7→ F iff dom(h) = {[|E|]s} and h([|E|]s) = [|F |]s
(s, h) ⊨ P ∧ Q iff (s, h) ⊨ P and (s, h) ⊨ Q
(s, h) ⊨ ¬P iff (s, h) ̸⊨ P

(s, h) ⊨ P ∗ Q iff ∃h1, h2 such that h = h1 ∗ h2,
(s, h1) ⊨ P and (s, h2) ⊨ Q

(s, h) ⊨ P −−∗ Q iff ∀h′, if h⊥h′ then
(h′, s) ⊨ P ⇒ (h ∗ h′, s) ⊨ Q

Figure 2.5: Semantics of Separation Logic assertions

The ability to split states, however, comes at a price: in the most general
cases, there are many ways to split a heap h in two sub-heaps h1 and h2 which
each satisfy predicates P and Q. Consider for instance the case where P = 1 7→
_ ∗ True and Q = 2 7→ _ ∗ True. If we consider a heap h with domain {1, 2, 3},
then we could equally have h1 = h|1,3 and h2 = h|2 or h1 = h|1 and h2 = h|2,3.
In both cases, h = h1 ∗ h2 would be a valid splitting satisfying P ∗ Q.

This non-determinism is problematic when we want to prove soundness of
operations involving separating conjunctions, since we can’t make any assump-
tions about which particular splitting will occur. To solve this issue, an addi-
tional requirement is often added to proof rules: that assertions are precise. In
the previous example, it would be enough to remove the ∗True part from P and
Q to make them precise.

Precision
An assertion P is precise if, for any heap h, there is at most one sub-heap h′

which satisfies P .

2.6 Concurrent Separation Logic
Separation logic as presented in the previous section cannot be used to reason
about concurrency, as it doesn’t support any of the synchronisation tools used
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to deal with critical regions. Extending it to concurrency was first proposed by
Peter O’Hearn [O’H07] with Concurrent Separation Logic (CSL in short).

CSL doesn’t use locks but conditional critical regions (CCR), with the fol-
lowing syntax: resource r in c defines a new resource r to be used in the
continuation of the program c, while with r c uses that resource to define a
conditional critical region. The command c will only be executed if the resource
r is available. When it is finished, it will exit the critical region and release the
resource for the next thread to use.

Crucially, each resource maintains an invariant which describes what por-
tion of the state it protects in the critical region. Whenever a resource is first
acquired, the invariant is assumed, and it will need to be re-established when
the resource is released. The resource invariants are kept in a static context Γ
over which all triples are indexed.

Triples are now of the form Γ ⊢ {P}c{Q} where Γ is an association list from
resource names r to invariants Pr. All previous rules, having no concurrent
effects, simply get a new Γ index without further modifications. We then add
three new rules:

Γ ⊢ {P}c{Q} Γ ⊢ {P ′}c'{Q′}
Γ ⊢ {P ∗ P ′}c||c'{Q ∗ Q′}

Γ, r : Pr ⊢ {P}c{Q}
Γ ⊢ {P ∗ Pr}resource r in c{Q ∗ Pr}

Γ ⊢ {P ∗ Pr}c{Q ∗ Pr}
Γ, r : Pr ⊢ {P}with r c{Q}

The first allows us to perform parallel composition of two program frag-
ments as long as they access disjoint parts of the state. The second declares a
new resource r and adds its invariant Pr to the context. It also requires that the
resource invariant holds at the time of the creation. Finally, the third declares
a critical region protected by resource r. During the execution of c, inside the
critical region, the invariant can be assumed to hold, and it is re-established
when the program exits the critical region.

2.7 Knots in the Store
2.7.1 Circular Resource Invariants
Crucially, locks (or resources) in CSL are statically allocated at the beginning of
the program. This means that the programmer needs to decide before execution
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just how many locks he will need and which exact resources they will need to
protect. While this is straightforward in many cases, there are also situations
where it becomes an important limitation in language expressiveness.

Consider the canonical example of fine grained list control: several threads
want to collaborate on a linked list, iterating through it and adding or deleting
new elements. A naive approach is to use a global lock for the whole list, owned
by whatever thread is currently operating. In effect, this disallows any concur-
rency (at most one thread can manipulate the whole data structure at any time)
and presents a very poor performance. If the list is long enough, it makes no
sense to forbid thread A to work on the head while thread B is 500 nodes down
performing some operation on the tail.

An alternative solution is to use fine grain locks: instead of a global lock
for the entire list, allocate a lock per node. Each thread then only needs to ac-
quire the locks corresponding to the data it is actually working on, thus allowing
multiple threads to operate on different parts of the list simultaneously. For a
more precise example of this type of program, see the lock coupling example
in section 3.4.

Such a solution, however, cannot be implemented in CSL, since locks need
to be dynamically allocated at the same time than the elements in the list. More
precisely, locks need to be storable in the heap, becoming first class objects, just
like regular memory cells.

Syntactically, it is trivial to make such a modification - all that is required is
a new instruction makelock used to turn a normal memory cell into a “special”
lock cell. This memory location would only be special in that it would be pos-
sible to use acquire and release commands on it. In every other respect, it is
just be another bit of memory containing an integer value.

The issue arises when we consider the resource invariants associated with
our new storable locks. They describe heap fragments in which live the locks to
which they are associated, which means that they can potentially refer to them-
selves, a circularity which makes modelling them precisely very challenging.
As described by Bornat et al. [BCOP05]:

The program must dynamically allocate semaphores as well as bu-
ffers, and the idea of semaphores in the heap makes theoreticians
wince. The semaphore has to be available to a shared resource bun-
dle: that means a bundle will contain a bundle which contains re-
source, a notion which makes everybody’s eyes water. None of it
seems impossible, but it’s a significant problem, and solving it will
be a small triumph.

2.7.2 Recursive Domain Equations
More formally, a natural approach is to store lock invariants in a World, which
can be considered as a semantic layer above the heap: regular memory cells are
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not mapped to anything, while cells of the lock “type” will be associated with
their invariant. Incidentally, this also gives a precise definition of what a lock
cell is: a cell which location is in the domain of the world. This underlines the
fact that from a purely operational point of view, locks are pieces of memory
like everything else, one has to go to a higher semantic level to really notice a
difference.

W = Loc ⇀fin Pred

In order for invariants to be expressive enough, however, they also need ac-
cess to the world – for instance, a predicate might want to postulate that some
other lock will be owned by the current thread, or that its invariant will have
a certain form. Following the example from section 2.7.1, the lock invariant
for a node N will want to say, among other thing, that if N.next exists, then
N.next.lock will be a lock with the same invariant, which will make it pos-
sible to the active thread to acquire N.next.lock and thus iterate through the
list.

This means that predicates need to be indexed by the World, and will then
be the usual partitions of heaps:

Pred = W → P(H)

We thus end up with a set of Recursive Domain Equations that need to be
solved before a model of a language with storable locks can be given:

W = Loc ⇀fin Pred
Pred = W → P(H)

Figure 2.6: Key Recursive Domain Equations

2.8 Related Work
2.8.1 A syntactic solution
A solution to this issue has been presented by Gotsman et al. in [GBC+07].
The main idea is to use syntactic handles to “cut” the knot, replacing a generic
Exists(E, A) predicate, which would stipulate that a lock exists at location E
with resource invariant A, by the actual handle A(E, F ), where F is a list of
parameters to be given to the invariant.

Only a static number of handles, which has to be determined before exe-
cution, is permitted. This allows to build an ad-hoc logic, thus removing the
circularity of the recursive domain equations. The use of parameters for invari-
ants retains a lot of the language expressivity.
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They finally show their model sound with respect to standard interleaving
operational semantics.

While a very convincing model with the added advantage of relative sim-
plicity, there are two main objections:

• On a practical level, there is a syntactic limitation in that it is not possible
to have full genericity of the locks invariants - locks need a handle taken
from a static set which has to be predetermined and built into the model
itself.
It is however unclear just how limiting this really is. We are currently
unaware of any program which really requires lock invariants to be so
generic that Gotsman’s model can’t be used anymore.

• On a more abstract level, this solution arguably feels like more of a syn-
tactic “hack” and avoids the circularity of the recursive domain equations
rather than providing a real solution. In particular, none of the spaces
considered have a strong semantic meaning in their model.

2.8.2 Instrumenting the operational semantics
An alternative solution was proposed by Hobor in his PhD dissertation [Hob08],
as well as in an ESOP article [HAZN08].

Rather than using standard operational semantics for their language, they
instrument it with resource invariant annotations. They then define a multi-
layered model with erased and unerased variants, as well as an oracle semantics
which models possible interleavings.

While this solution does not have the same syntactic limitation on lock in-
variants as Gotsman’s model, it comes at the cost of a much more complex and
less intuitive model as well as an instrumented operational semantics, which
requires additional work and knowledge from the programmer.



Chapter 3

Our Setting

In this chapter, we will present the various definitions of the language we are
studying, its small steps operational semantics, the assertion language we use
to state properties that our programs need to satisfy, and finally three examples
of increasing complexity, with their associated proof sketches.

3.1 The Language
3.1.1 Feature choices
Throughout this dissertation, all proofs and assertions will be made relative to
programs written in a concurrent imperative language. It can be considered a
subset of C and has been designed to be as simple as possible, supporting only
those features directly relevant to our work, most notably storable locks and
dynamic threads.

Parallelism is supported via calls to the fork command, which will create
a new thread executing a given procedure. The parent thread (the one which
executed the fork call) will share its local variables with the new thread and
carry on its own sequential execution.

Two important design choices are immutable stack variables and lack of ex-
plicit deallocation.

By using continuation passing style commands for allocation and look-up
(let x = new in C, let x = [E] in C and let x = E in C, respectively), we can
forbid the modification of the variable x in the rest of the program. Any further
assignment to x will actually be (implicitly) done on a fresh variable. This
considerably simplifies some of the considerations relative to stack variables
and their scope in the rest of this work.

A more comprehensive presentation of this language style can be found
in [BTSY06].

25
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There is no explicit deallocation of memory cells or locks (via calls to com-
mands like free or destroy_lock). This allows us to forego the use of fractional
permissions associated with each lock, which simplifies both our model and our
already heavy notations.

In previous work on dynamically allocated locks (such as [GBC+07] and
[Hob08]), the knowledge of the existence of a lock comes with a fractional per-
mission comprised between 0 and 1. Every time that the thread shares that
knowledge with another thread, it needs to split its permission into two and
hand one to the new thread. Conversely, a thread done executing hands back all
its lock permissions to its parent thread, which adds them to its own.

Any permission is enough to try to acquire and release a lock, but lock de-
struction requires the full permission of 1. This ensures that whichever thread
performs the destruction is the only one which actually knows of the existence
of the lock. Without such safeguards, a thread could try to acquire a lock which
has been deallocated by somebody else, leading to a memory fault.

The main drawback of not allowing lock deallocation is that we can’t prove
one of the canonical programs found in the literature (e.g. in [GBC+07]): last
one cleans up.

3.1.2 Grammar
The language obeys a relatively simple grammar, defined in figure 3.1. Its basic
building bricks are variables (Var), expressions (E, F ) which evaluate to integer
values, boolean expressions (B) which evaluate to True or False and commands
(C).

It is worth noting that memory locations are simply integer values. Trying
to access an unallocated location will result in an execution fault.

Var ::= x, y, z, . . .
E, F ::= nil | Var | 0 | S(E) | E + F | E − F
B ::= True | E = F | [E] = F | E < F | not B
C ::=let x = new in C allocation

| let x = E in C stack lookup
| let x = [E] in C heap lookup
| [E] = F assignment
| if B then C else C ′ branching
| while B do C looping
| skip inaction
| C;C ′ sequential composition
| makelock_P(E) lock creation
| acquire(E) lock acquisition
| release(E) lock release
| let x = fork(f) in C thread creation
| join(E) thread synchronisation

Figure 3.1: Language grammar
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Since our language supports dynamic thread creation, we need to define
the code to execute whenever a fork call is executed, and do so outside of the
main procedure. This is done statically before the code of the main command
is called, which gives programs the general form of figure 3.2.

let f0 = C0 and
f1 = C1 and
f2 = C2 and

. . .
fn = Cn in

C

Figure 3.2: General form of a program

3.2 Operational Semantics
We will use a simple non-deterministic operational semantics for the language,
close to what would actually be executed by a real machine. Our abstract locks
behave similarly to spinlocks in that an acquire instruction on a lock that is not
available will simply “hang” and will be allowed to try to acquire the lock again
after another thread took an execution step.

The semantic is non-deterministic in that from any state, all of the active
threads have an equal right to execution. However, with the exception of mem-
ory allocation (which chooses a random free memory cell), the execution in one
particular thread is deterministic.

A state in our semantics is a triple (h, s, tp)where h is a heap in H = Loc →fin
V al, s a stack in V ar → V al and tp a thread pool mapping each thread identifier
to the code it should execute, i.e. tp : {1, . . . , n} → Cmd for some n.

It is important to note that this operational semantics is very low-level and
doesn’t deal with some of the more “semantic” features. In particular, neither
the heap nor the stack are split between threads and there is no notion of private
or shared space. Similarly, locks are implemented in a very simple fashion:
as an integer which contains 0 if the lock is available, and k if it is currently
owned by the thread with identifier k. Since there is no notion of world, nothing
really distinguishes a lock or a thread handle from a regular memory cell, and
an incorrect program could easily overwrite lock values.

The operational semantics only safeguards against the most elementary mis-
uses, mostly addressing unallocated memory cells. This reflects the way code
is really executed on a machine: a memory fault will usually raise an error and
stop the execution of the program (the famous SEGFAULT in C) while misus-
ing locks, by for instance writing in their location as if it was a regular memory
cell, will lead to a much harder to detect memory corruption.
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Operational Semantics
The general form of a reduction in our operational semantics is (h, s, t) −→j

(h′, s′, t′), meaning that in one reduction step, the thread j takes the state (h, s, t)
to the new state (h′, s′, t′). However, to improve readability, we will write
(c, h, s, t) −→j (c', h′, s′, t′) as a shorthand notation for “(h, s, t) −→j (h′, s′, t′)
and t(j) = c and t′(j) = c'”.

Furthermore, a state (h, s, t) can also be stuck with respect to thread j, written
(h, s, t) ̸→j , or lead to an execution fault, written (h, s, t) −→j abort.

The full definition can be found in figure 3.3.

3.3 The Assertion Language
In order to state properties of the programs we study, we need a number of
predicates describing the states of locks, threads and memory cells, and ways
to organise and combine them. This is the assertion language.

3.3.1 Grammar and Predicates
Our assertion language is built upon separation logic, with extra assertions deal-
ing with locks and dynamic thread creation and synchronisation. In addition,
the intrinsic circularity of storable locks is expressed via a fixed point operator
µ.

PredV ar ::= p, q, r, . . .
P ::= E1 = E2 | E1 7→ E2 | P ∧ P | P ∨ P | P ∗ P | P −−∗ P |

Locked(E, P ) | Ex(E, P ) | tid(f, E) |
r (E) | (µr.λx.P )(E) (*)

V al = Loc ⊎ Z ⊎ (V al × V al)

In order to express lock properties, we use two predicates: Ex(E, P ) and
Locked(E, P ). The first affirms that the interpretation of expression E points
to a lock in the heap, with resource invariant P . No hypothesis is made as to
whether the lock is available or not. Locked(E, P ) is similar, with the additional
affirmation that the current thread owns the lock.

It is necessary for a thread to know about the existence of a lock before it
can try to acquire it, but not to know that the lock is available. Similarly, the
post-condition of a lock release simply says that the lock still exists, but not
that it is available, in order to protect against interferences from other threads,
which can now successfully acquire the lock. If we used an Unlocked predicate
instead of Ex, we would face a serious issue: how can we know for certain that
the lock which was indeed available in the past (at the moment it was released
by whoever owned it) hasn’t been acquired by another thread since?

The predicate tid(f, E) expresses that the location E contains a thread han-
dle, created when the active thread made a fork call. Furthermore, we wish
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(let x = new in c, h, s, t) −→j (c, h[v 7→ 0], s[x 7→ v], t[j 7→ c])
where v ̸∈ dom(h)

(let x = [E] in c, h, s, t) −→j (c, h, s[x 7→ v], t[j 7→ c])
where h([|E|]s) = v

(let x = E in c, h, s, t) −→j (c, h, s[x 7→ [|E|]s], t[j 7→ c])
([E] = F, h, s, t) −→j (skip, h[[|E|]s 7→ [|F |]s], s, t[j 7→ skip])

(if E then c else c', h, s, t) −→j (c, h, s, t[j 7→ c])
if [|E|]s = True

(if E then c else c', h, s, t) −→j (c', h, s, t[j 7→ c'])
if [|E|]s = False

(while E do c, h, s, t) −→j (skip, h, s, t[j 7→ skip])
if [|E|]s = False

(while E do c, h, s, t) −→j (c;while E do c, h, s, t′])

if [|E|]s = True

(skip;c, h, s, t) −→j (c, h, s, t[j 7→ c])
(c;c', h, s, t) −→j (c'';c', h′, s′, t′[j 7→ c'';c']),

if (c, h, s, t) −→j (c'', h′, s′, t′)

(skip, h, s, t) ̸→j

(make_lock_P(E), h, s, t) −→j (skip, h[[|E|]s 7→ j], s, t[j 7→ skip])
if h([|E|]s) = _

(acquire(E), h, s, t) −→j (skip, h[[|E|]s 7→ j], s, t[j 7→ skip])
if h([|E|]s) = 0

(acquire(E), h, s, t) ̸→j

if h([|E|]s) > 0

(release(E), h, s, t) −→j (skip, h[[|E|]s 7→ 0], s, t[j 7→ skip])
if h([|E|]s) = j

(let x = fork(f) in c, h, s, t) −→j (c, h[v 7→ k], s[x 7→ v], t[k 7→ c', j 7→ c])
if v ̸∈ dom(h), k ̸∈ dom(t) and f : c' ∈ Γ

(join(E), h, s, t) −→j (skip, h, s, t[j 7→ skip]|dom(t)−{k})

if h([|E|]s) = k and t(k) = skip
(join(E), h, s, t) ̸→j

if h([|E|]s) = k and t(k) ̸= skip
(h, s, t) −→j abort in all other cases

Figure 3.3: Operational Semantics



30 CHAPTER 3. OUR SETTING

to remember the name of the procedure being executed by the child thread (so
that we can look up its post-condition and check it when execution is finished).
Whenever the active thread wants to synchronise with its child with a call to
join, it will need to provide the thread handle.

The side condition (*) on the fixpoint operator stipulates that all occurrences
of the predicate variable r in P are guarded, i.e. that they only appear under a
Locked or Ex predicate. More formally, using the notation that P [ ] is a formula
with a hole which can be filled by a predicate Q, written P [Q]:

Guardedness
A predicate variable r is guarded in P if there exists some P1, E, Q such that

P = P1[Ex(E, Q)] or P = P1[Locked(E, Q)] and r ̸∈ fv(P1).
Additionally, we also have the usual intuitionistic logic rules and some ad-

ditional rules for the assertion logic, such as

Locked(E, P ) ⇒ Locked(E, P ) ∗ Ex(E, P )
(µr.λx.P )(E) ⇔ P [(µr.λx.P )/r, E/x]

3.3.2 Proof Rules
We now present some of the proof rules for the specification logic, choosing to
omit most of the structural rules. We need the following definitions: a predicate
P is thread-independent if it does not contain any sub-predicates of the form
tid(f, E) or Locked(E, P ′). Intuitively, the meaning of such a predicate will be
the same for all threads in a given configuration, whereas, e.g., a Locked(E, P ′)
predicate is true for at most one of the threads. A predicate is mobile if it is
thread-independent, precise, and does not contain separating implication −−∗.
The rules marked (*) have the following general provisos:

• All predicates P occurring in Locked(E, P ) or Ex(E, P ) in the rules are
mobile.

• For every triple {R}f{S} in the assumptions (i.e., on the left of “⊢”), R
is mobile while S is thread-independent and does not contain separating
implication.

The precision requirements for the locks’ resource invariants and the precon-
ditions of forkable procedures are necessary to prove soundness of, respectively,
the release case and the frame rule, since there are two operations, release
and fork, which perform heap splitting of the private space of the active thread,
about which we need to be able to reason.

The predicates which are required to be thread-independent are precisely
those describing parts of the heap that, conceptually speaking, is transferred
between different threads. The meaning of these predicates needs to be the
same before and after such a transfer.

The restrictions about uses of separating implication is more technical, and
is required by our soundness proof (see Proposition 4.5.2 below).
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{P ∗ x 7→ 0}c{Q}
{P}let x = new in c{Q}

x ̸∈ fv(P ) ∪ fv(Q)

{P ∗ E 7→ x}c{Q}
{∃x, P ∗ E 7→ x}let x = [E] in c{Q}

x ̸∈ fv(Q)

{P ∧ x = E}c{Q}
{P}let x = E in c{Q}

x ̸∈ fv(Q)

{[E 7→ _]}[E] = F{[E 7→ F ]}

{E = true ∧ P}c{Q} {E = false ∧ P}c'{Q}
{P}if E then c else c'{Q}

{E = true ∧ P}c{P}
{P}while E do c{P ∧ E = false} {P}skip{P}

{P}c{Q} {Q}c'{R}
{P}c;c'{R}

{E 7→ _}makelock_P(E){Locked(E, P )}
(*)

{Ex(E, P )}acquire(E){Locked(E, P ) ∗ P}
(*)

{Locked(E, P ) ∗ P}release(E){Ex(E, P )}
(*)

Γ, {R}f{S} ⊢ {P ∗ tid(f, x)}c{Q}
Γ, {R}f{S} ⊢ {P ∗ R}let x = fork(f) in c{Q}

(*)

Γ, {R}f{S} ⊢ {tid(f, E)}join(E){S}
(*)

f : {R}c'{S} ∈ Γ Γ ⊢ {R}c'{S} Γ ⊢ {P}c{Q}
⊢ let f : {R}c'{S} in {P}c{Q}

(*)

Figure 3.4: Proof Rules
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3.4 Example: Lock Coupling Lists
The lock coupling algorithm can be considered as a seminal example for storable
locks. It is for instance treated in a very similar fashion by Gotsman et al.
[GBC+07]. The idea is to allow multiple threads to simultaneously add and
remove elements from an ordered singly linked list. Instead of having a single
general lock for the entire list, which would require all threads to wait for the ac-
tive one to finish its operation, there is one lock per node. By requiring threads
to hold the lock for both the current node and the previous one whenever they
search through the list or try to modify it, we can ensure that the data structures
are never in an incoherent state, while the fine-grained locks allow for a great
gain in efficiency.

Each node contains three fields: a lock protecting the entire node, with re-
source invariant P , a data field val containing an integer and a pointer to the
next node or nil. We also use the convention that the head of the list always
contains the value −∞ and the tail +∞. We present here code for initialising
the list and for adding a new node with value e in the correct location in the
heap. A procedure to remove a node with value e would be very similar.

Since the only way to know about the existence of a particular lock is by
acquiring its predecessor in the list, the invariant itself enforces the particular
locking procedure for iterating through a list. We present below a simplified
version of the annotated proof for add.

The resource invariant is a recursively defined predicate:

P (n, e) = (µr.λ(n, e). [(n.val 7→ e ∧ e = ∞)∨
(∃x, e′, n.val 7→ e ∗ n.next 7→ x∗
Ex(x.lock, r(x, e′)) ∧ e < e′))])(n, e)

initialise() {
let tail = new NODE in
[tail.val] = +∞;
[tail.next] = NULL;
makelockP (tail,+∞)(tail.lock);
release(tail.lock);
let head = new NODE in
[head.val] = −∞;
[head.next] = tail;
makelockP (head,−∞)(head.lock);
release(head.lock);

}

add(e) {
Ex(head.lock, P (head, −∞))

let prev = head in
acquire(prev.lock);

Locked(prev.lock, P (prev, −∞)) ∗ P (prev, −∞)
let curr = prev.next in
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acquire (curr.lock);
∃v′, Locked(prev.lock, P (prev, −∞))∗
prev.val 7→ −∞ ∗ prev.next 7→ curr∗
Locked(curr.lock, P (curr, v′)) ∗ P (curr, v′)∧
−∞ < v′

while (curr.val < e) do {
∃x, v, v′, v′′, Locked(prev.lock, P (prev, v))∗
Locked(curr.lock, P (curr, v′)) ∗ prev.val 7→ v∗
prev.next 7→ curr ∗ curr.val 7→ v′ ∗ (v′ = ∞∨
(curr.next 7→ x ∗ Ex(x.lock, P (x, v′′)) ∧ v′ < v′′)
∧v′ < e ∧ v < v′

release(prev.lock);
let prev = curr in
let curr = curr.next in
acquire(curr.lock);

}
∃x, v, v′, v′′, Locked(prev.lock, P (prev, v))∗
Locked(curr.lock, P (curr, v′)) ∗ prev.val 7→ v∗
prev.next 7→ curr ∗ curr.val 7→ v′ ∗ (v′ = ∞∨
(curr.next 7→ x ∗ Ex(x.lock, P (x, v′′)) ∧ v′ < v′′)
∧v < e ≤ v′

if (curr.val != e) {
let n = new NODE in
[n.val] = e;
[n.next] = curr;
makelockP (n,e)(n.lock);

∃x, v, v′, Locked(prev.lock, P (prev, v))∗
Locked(n.lock, P (n, e))∗
Locked(curr.lock, P (curr, v′))∗
prev.val 7→ v ∗ n.val 7→ e ∗ n.next 7→ curr∗
curr.val 7→ v′ ∗ ∧v < e < v′

release(n.lock);
[prev.next] = n;

}
release(prev.lock);
release(curr.lock);

∃v, v′, Ex(prev.lock, P (prev, v))∗
Ex(curr.lock, P (curr, v′)) ∗ ((v′ = e ∧ v < v′)
∨(∃n, Ex(n.lock, P (n, e) ∧ v < e < v′)))
}





Chapter 4

A Model for Storable Locks

With the “knots in the store”-generated recursive domain equations explicit and
our setting defined, we are now ready to provide a solution to the equations and
build a model around them.

This chapter is divided in two parts: first, we present important notions re-
lated to ultra-metric spaces and uniform predicates, which will provide a so-
lution to the recursive domain equations. Using this step-indexed solution, we
then build a Kripke model for interpreting our assertion language.

One way to see the ultra-metric spaces approach is as a very traditional step-
indexing way of solving recursive equations, but with the actual indices and
induction abstracted away – in a way, we are simply hiding the low-level ma-
chinery.

4.1 Ultra-Metric Spaces
In this section, we recall some basic definitions and useful theorems about met-
ric spaces.

Metric Space
A metric space is a set X and a function d : X × X → R+. In order to be

called a distance, d needs to satisfy three properties:

• (i) : ∀x, y : X, d(x, y) = 0 ⇔ x = y

• (ii) : ∀x, y : X, d(x, y) = d(y, x)

• (iii) : ∀x, y, z : X, d(x, z) ≤ d(x, y) + d(y, z)

This corresponds to the intuitive notion of Euclidian distance and is straight-
forward to visualise.
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Ultrametricity
A metric space is ultrametric if it satisfies the stronger ultrametric inequality

(iii′) rather than the triangle inequality (iii):

(iii′) : ∀x, y, z : X, d(x, z) ≤ max(d(x, y), d(y, z))

This notion of ultrametric distance is much more difficult to visualise. It can
be helpful to think of it not as a distance between points in a space, but rather
as the degree of similarity between two elements.

1-boundedness
A metric space is 1-bounded if ∀x, y : X, d(x, y) ≤ 1. A distance of 0 then

means equality and a distance of 1 total dissimilarity.

Bisectedness
A metric space is bisected if ∀x, y : X, d(x, y) ̸= 0 ⇒ ∃n ∈ N, d(x, y) = 2−n.

It follows naturally that all bisected metric spaces are 1-bounded.
A useful notation on bisected spaces is x =n y, meaning that d(x, y) ≤ 2−n.

On ultrametric spaces, the intuitive meaning is that x and y are similar to at least
the n-th degree.

Cauchy Sequence
A Cauchy sequence in a metric space (X, d) is a sequence (xn)n∈N such that

for any ε > 0, there exists some N ∈ N such that d(xm, xn) < ε for any m, n ≥ N .

Limit
The limit of a sequence (xn)n∈N is an element x ∈ X such that for any ε > 0,

there exists N ∈ N such that d(xn, x) < ε for any n ≥ N .

Completeness
A metric space (X, d) is said to be complete if every Cauchy sequence has a

limit.

Non-expansive and contractive functions
A function f between metric spaces (X1, d1) and (X2, d2) is non-expansive

if ∀x, y : X, d2(f(x), f(y)) ≤ d1(x, y).
Furthermore, f is contractive if there exists some c < 1 such that ∀x, y :

X, d2(f(x), f(y)) ≤ c.d1(x, y).

One of the central result in metric spaces is Banach’s Fixed Point Theo-
rem [Ban22]:
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Theorem 4.1.1 In a complete, non-empty metric space (X, d), any contractive
function f : X → X has a unique fixpoint x = f(x).

The next step is to define a categorical structure for complete ultra-metric
spaces.

CBUlt
The category CBUlt (Complete Bounded Ultra-metric spaces) has bounded,

complete, ultra-metric spaces as objects and non-expansive functions as mor-
phisms. Furthermore, it is cartesian closed [WBR94].

Locally contractive functors
A functor F : CBUltop ×CBUlt → CBUlt is locally contractive if there exists

c < 1 such that

d(F (f, g), F (f ′, g′)) < c.max(d(f, f ′), d(g, g′))

for any non-expansive functions f, f ′, g, g′.

Finally, we can formulate the main theorem we use to solve our recursive
domain equation. A detailed proof of the original domain theoretical version
can be found in [AR89], while translations to ultra-metric spaces are found in
e.g. [BST10].

Theorem 4.1.2 Let F : CBUltop × CBUlt → CBUlt be a locally contractive
functor satisfying that F (1, 1) ̸= ∅. There exists a unique (up to isomorphism)
non-empty (X, d) ∈ CBUlt such that F ((X, d), (X, d)) ∼= (X, d).

4.2 Expressing the Recursive Domain Equations
4.2.1 Worlds
As described in Chapter 2, the main issue with storable locks originates from
the fact that the resource invariants depend on “worlds” which contain locks and
resource invariants. The worlds can be seen as a semantic layer above the heap,
containing additional information about the state of the machine. In our case,
in order to be able to formulate soundness of the logic, we want to keep track
of three different kinds of information:

• Whenever a memory cell is a lock, we want access to its resource invariant.

• Whenever a memory cell is a thread handle (the value returned by a call to
fork), we want to remember the name of the procedure we are executing,
so that we can look up its pre and post-conditions in the context. This is
useful when, for instance, we want to check that a thread which is done
executing really satisfies its post-condition.
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• If a memory cell is “regular” (i.e. not a lock or a thread handle), we don’t
need to remember any other information than the fact that it does exist.

This is formulated in the following equation:

W = Loc ⇀fin (Fun + Cell + Pred) (4.1)

Here Loc represents locations in the heap and is modelled simply by N, Fun
is a static set of procedure names, and Cell is a singleton set.

For clarity, we will use the constructor-style notations T (f) and Lock(Q) to
refer to the first and third components of the Fun + Cell + Pred sum type.

4.2.2 Heaps
One particular issue arises when we try to model thread-local heaps: since
threads are allowed to share parts of the memory – this is, after all, the very
reason we need locks – it becomes impossible to use the traditional separating
conjunction to combine several sub-heaps, since their domain will potentially
have a non-empty intersection.

The usual solution, found for instance in CSL, is to separate the heaps in
private parts, local to each thread and invisible from others, and a big shared
heap that everyone is allowed to read and write in. We choose an alternative,
more fine-grained solution: allow duplicate values of the shared memory cells
in the relevant memory cells and modifying the separating conjunction operator
to allow some overlapping on locations which correspond to locks.

This allows to limit the knowledge of the existence of a lock to only the
threads which have acquired this knowledge explicitly. Interestingly, this fol-
lows exactly the scope of the lock variables.

Semantic Heaps
Heaps Ĥ in our semantic layer will be identical to the concrete ones used in

the operational semantics, with one notable exception: we will use an unknown
value U to denote that no assumption is made as to the exact state of a lock.

Ĥ = Loc →fin V al ∪ {U}

We can then redefine the separating conjunction, first on individual memory
cells:

Redefined separating conjunction

U ∗ U = U
U ∗ j = j

j ∗ U = j

j ∗ k undefined



4.3. SOLVING THE RECURSIVE DOMAIN EQUATIONS 39

for any j, k ∈ V al.
On full heaps:

Redefined separating conjunction on full heaps
h1∗h2 is well defined if and only if for all l ∈ dom(h1)∩dom(h2), h1(l)∗h2(l)

is well defined.
∀l ∈ dom(h1) ∩ dom(h2), (h1 ∗ h2)(l) = h1(l) ∗ h2(l), while (h1 ∗ h2)(l) is

defined as for regular separating conjunction when l /∈ dom(h1) ∩ dom(h2).
We also use an operation to merge a tuple of heaps into a single one: hp =∗i∈dom(hp)hp(i).
Since, because of interferences, threads can only be certain of the state of a

lock when they actually own it, there is a simple way to map full abstract heaps
to concrete ones: simply replace all unknown values by 0, as the absence of any
claims to hold the lock means that it is available.

Projection into concrete heaps

|.| : Ĥ 7→ H

|h| = λx.

{
0 ifh(x) = U
h(x) otherwise

4.2.3 Predicates
The one remaining set to define is Pred, the type of lock resource invariants.
A predicate should be a function that takes a world (containing semantic infor-
mation about the current state) and returns a set of heaps, i.e., those heaps that
“satisfy the predicate.”

Roughly, we want something like:

Pred = W → P(Ĥ) . (4.2)

We thus obtain the following system of equations which require solving (note
the similarity with the equations of figure 2.6).

W = Loc ⇀fin (Fun + Cell + Pred)
Pred = W → P(Ĥ)

4.3 Solving the Recursive Domain Equations
The first step toward solving the equations is to define a proper distance on
the various spaces we are manipulating, and in particular P(Ĥ), which we turn
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into the set of uniform predicates, UPred, by combining heaps with downwards
closed integer indices.

Uniform Predicates

UPred(Ĥ) =
{

P ∈ P(Ĥ × N) | ∀h ∈ Ĥ, ∀k ∈ N, ∀j ≤ k, P (h, k) ⇒ P (h, j)
}

We define the following distance on UPred(Ĥ). It is well defined because
of the downward closed character of the index parameter in UPred.

d(P, Q) =

{
0 if P = Q

min{2−n|∀k ≤ n, ∀h ∈ Ĥ, P (h, k) ⇔ Q(h, k)} otherwise.

Let T be a fixed set. We want to solve the following equation in CBUlt:

X ∼=
1

2

(
(N ⇀fin (T + X)) →n UPred(Ĥ)

)
(4.3)

Here the function space →n consists of those functions p which are non-
expansive and satisfy the following property: If (h, n) ∈ p(w), then dom(h) ⊆
dom(w). This last, non-standard requirement is useful for proving locality of
the predicates, a crucial point for the soundness of the fork case.

The 1
2 factor is there to make sure the functions are all contractive, a re-

quirement to apply most of the theorems of section 4.1. It is a very common
technique found in virtually all works using such methods.

In order to do solve this equation, we must first specify which metric is used
on the right-hand side, assuming that (X, dX) is a given object of CBUlt. This
metric is obtained from the following building blocks. We equip the set T with
the discrete metric, i.e., every pair of distinct elements has distance 1. The oper-
ators × and →n are given by the cartesian closed structure of CBUlt (here →n is
a closed subspace of the exponential), while + is the co-product (which gives el-
ements from different summands the maximal distance, 1). More details about
these operators can be found in, e.g., [BST10]. It only remains to explain the
“finite partial function space” operator ⇀fin. Concretely, the distance function
d on N ⇀fin (T + X) is given by

d(P, Q) =

{
1 if dom(P ) ̸= dom(Q)
maxi∈dom(P )(dT+X(P (i), Q(i))) otherwise.

We then only have to use theorem 4.1.2 to find a solution X to equation 4.3.
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If we rename N to Loc, T to T (Fun) + Cell and X to P̂red, we obtain a
solution to the following equation:

W = Loc ⇀fin (T (Fun) + Cell + Lock(P̂red)))
Pred = W →n UPred(Ĥ)

P̂red ∼=
1

2
Pred

Let App be the isomorphism above, and let Abs be its inverse:

App :P̂red → 1

2
Pred

Abs :
1

2
Pred → P̂red.

World composition (of elements w and w′ of W ) is defined as follows: w∗w′

is defined if the domains of w and w′ do not overlap, and in this case w ∗ w′ is
the union of the two partial functions w and w′.

We can then prove that Pred models the usual separation logic operations,
which is summarised by saying it is equipped with a complete BI-algebra struc-
ture. First, for every w ∈ W we define UPredw(Ĥ) to be the subset of UPred(Ĥ)
where all heaps have domain contained in dom(w). This set is given a BI-algebra
structure as follows. We define h1⊥wh2 to hold if h1 ∗ h2 is defined, and if fur-
thermore w(l) = Lock(−) for all l ∈ dom(h1)∩ dom(h2). Then we define ∗w on
heaps in the same way as ∗, but with additional requirement that h1 ∗w h2 is only
defined if h1⊥wh2. (The intuition is that only values which correspond to locks
can be shared between heaps.) Now the BI-algebra structure on UPredw(Ĥ) is
given as follows: ∅ is ⊥, {h | dom(h) ⊆ dom(w)} × N is ⊤, and set-theoretic
union and intersection are, respectively, join and meet. The remaining three
operations are defined by:

(h, n) ∈ P → Q = ∀k ≤ n, (h, k) ∈ P ⇒ (h, k) ∈ Q
(h, n) ∈ P ∗ Q = ∃h1, h2, h = h1 ∗w h2 ∧ (h1, n) ∈ P ∧ (h2, n) ∈ Q

(h, n) ∈ P −−∗ Q = ∀k ≤ n, ∀h′⊥wh, (h′, k) ∈ P ⇒ (h ∗w h′, k) ∈ Q

These operations are then extended pointwise to Pred, using the fact that, by
construction, every element of Pred maps any world w into UPredw(Ĥ) (and
not just into UPred(Ĥ)).

Lemma 4.3.1 Pred equipped with these operations is a complete BI-algebra
on Set [BBTS07].

Proof We start by proving that UPred(Ĥ) is a complete BI-algebra, using ∅ as
⊥, Ĥ × N as ⊤, and set-theoretic union and intersection as, respectively, join
and meet.
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The remaining three operations are defined by:
(h, n) ∈ P → Q = ∀k ≤ n, (h, k) ∈ P ⇒ (h, k) ∈ Q
(h, n) ∈ P ∗ Q = ∃h1, h2, h = h1 ∗ h2 ∧ (h1, n) ∈ P ∧ (h2, n) ∈ Q

(h, n) ∈ P −−∗ Q = ∀k ≤ n, ∀h′⊥h, (h′, k) ∈ P ⇒ (h ∗ h′, k) ∈ Q

All the necessary properties on these operations are easily checked. We
conclude by using a pointwise lifting of UPred(Ĥ) to W →n UPred(Ĥ).

4.4 Building the Kripke Model
Having solved the recursive domain equations, we can now define interpreta-
tions for our assertion language. The interpretation of a predicate P , written
[|P |]ks , takes as arguments a stack s and the identifier k of the current thread,
returning an object in Pred.

Stacks can store either plain values or predicates with an optional argument:

Stack = (V ar →fin V al) ⊎
(
PredV ar →fin (V al → Pred)

)
The interpretation of nearly all predicates can be found in figure 4.1.

[|Ex(E, P )|]ks = λw.{(h, n) | ∃Q. w([|E|]s) = Lock(Q) ∧ h = [[|E|]s 7→ U ]∧
∀w′.App(Q)(w′) =n−1 [|P |]ks(w′)}

[|Locked(E, P )|]ks = λw.{(h, n) | ∃Q. w([|E|]s) = Lock(Q) ∧ h = [[|E|]s 7→ k]∧
∀w′.App(Q)(w′) =n−1 [|P |]ks(w′)}

[|tid(f, E)|]ks = λw.{(h, n) | w([|E|]s) = T (f) ∧ ∃j ̸= k. h = [[|E|]s 7→ j]}
[|r (E)|]ks = s(r) ([|E|]s)

[|(µr.λx.P )(E)|]ks = fix
(

λP V al→P red
1 λv. [|P |]ks[r 7→P1,x7→v]

)
([|E|]s)

[|P ∗ Q|]ks = λw.{(h, n) | ∃h1, h2. h = h1 ∗w h2 ∧
(h1, n) ∈ [|P |]ks(w) ∧ (h2, n) ∈ [|Q|]ks(w)}

[|E1 7→ E2|]ks = λw.{(h, n) | w([|E1|]s) = Cell ∧ h = [[|E1|]s 7→ [|E2|]s]}

Figure 4.1: Predicate Interpretation

The most interesting point to note is how the interpretation of the two lock
predicates Ex and Locked refers to (n − 1)-equality of predicates instead of
“true” equality. This is necessary by the non-expansiveness requirement of
W →n UPred(Ĥ) in the domain equation, while the −1 part simply reflects
the 1

2 factor in the final isomorphism.



4.5. LOCALITY PROPERTIES 43

4.5 Locality Properties
Theorem 4.5.1 For all P , s, and k, the predicate [|P |]ks is well-defined.

Proof Using the fact that recursion can only happen in guarded environments,
the interpretation of (µr.λx.P )(E) uses the fixpoint of a contractive function on
V al → Pred, which is in CBUlt if we view V al as a discrete metric space.

Semantic predicates which are definable by syntactic predicates not contain-
ing −−∗ satisfy a certain property which is crucial for our soundness proof:

Local predicates
A predicate p ∈ Pred is local if for all h, n, and w,

(h, n) ∈ p(w) ⇐⇒ (h, n) ∈ p(w|dom(h)).

Proposition 4.5.2 For every syntactic predicate P containing no free predicate
variables and no occurrences of −−∗, the semantic predicate [|P |]ks is local.

Proposition 4.5.3 If p is local, then p is monotone: (h, n) ∈ p(w) implies that
(h, n) ∈ p(w ∗ w′) whenever w ∗ w′ is defined.





Chapter 5

Soundness

5.1 Logical View of the Machine State
With the model presented in chapter 4, we gave a clear semantic meaning to
assertions (section 4.4) and built a logical layer on top of the basic operational
view of the machine (section 4.2).

In order to have a notion of ownership, allowing us to reason with resource
invariants, let us now go one step further and define an explicit thread-local
splitting of the logical machine state. We will now have a global world and
stack, as well as command, heap and post-condition pools.

Semantic Configuration
A configuration is a tuple (w, hp, s, tp, qp) where for some n ∈ N we have:

w ∈ W

hp : {1, . . . , n,Ω} → Ĥ

s ∈ Stack

tp : {1, . . . , n} → Cmd

qp : {1, . . . , n} → Pred

Each of the pools hp, tp and qp map thread identifiers to, respectively, sub-
heaps, command continuation and post-condition. In addition, there is a space
hp(Ω) which corresponds to the heaps described by the invariants of available
locks. A successful lock acquisition will then correspond to the transfer of a
sub-heap owned by Ω into the private space of the new owner thread, with re-
lease being the reverse operation. Similar heap swaps occur with fork and join
operations.

45
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Finally, the intended semantic properties of the total heap hp are described
by the world w, and each predicate qp(j) is a post-condition that the private heap
of thread j must satisfy when that thread is done executing.

As we discussed in the presentation of the language in figure 3.2, a complete
program will first define a number of sub-procedures, then the code of a main
procedure which can make fork calls to create new threads executing any of
the previously defined procedures. The important thing to note here is that the
forkable code is static and pre-defined. We store a number of important pieces
of information in the context Γ, such as the actual code and the post-conditions
corresponding to each procedure name.

However, because it does not change over time, and because the notations
are already very heavy, we have chosen to omit Γ from semantic states, except
when it is actually relevant.

5.2 Logical Transitions, Future Worlds
We next define a transition relation on semantic configurations. This relation
follows the standard operational semantics of section 3.3 but also keeps track of
heap transfers and world updates.

Transition relation
The relation

(w, hp, s, tp, qp)
n→j (w′, hp′, s′, tp′, qp′)

holds iff there exists a reduction (|hp|, s, tp) →j (h′, s′, tp′) such that |hp′| = h′

and hp′(k) = hp(k) for all k /∈ {j,Ω}. Furthermore, letting c = tp(j):

• If c is not a reference allocation, lock operation, or thread operation, then
w′ = w, qp′ = qp, and hp′(Ω) = hp(Ω).

• If c is let x = new in C', then w′ = w[v 7→ Cell], qp′ = qp, and hp′(Ω) =
hp(Ω).

• If c is make_lock_P(E), then w([|E|]s) = Cell, qp′ = qp, hp′(Ω) = hp(Ω)
and w′ = w[[|E|]s 7→ Lock(Abs([|P |]js))].

• If c is acquire(E), then there exists Q such that w([|E|]s) = Lock(Q)
and hp(j)([|E|]s) = U . Furthermore, w′ = w, qp′ = qp, and there exists
(h0, n) ∈ App(Q)(w) such that hp(Ω) = h0 ∗w h1 while hp′(Ω) = h1 and
hp′(j) = h0 ∗w (hp(j)[[|E|]s 7→ j]). (Notice that here the superscript “n” on
the relation symbol is used.)

• If c is release(E), then there exists Q such that w([|E|]s) = Lock(Q) and
hp(j)([|E|]s) = j. Furthermore, w′ = w, qp′ = qp, and there exists (h0, n) ∈
App(Q)(w) such that hp(j) = h0 ∗w h1 while hp′(j) = h1[[|E|]s 7→ U ] and
hp′(Ω) = h0 ∗w hp(Ω).
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• If c is let x = fork(f) in M, then w′ = w[v 7→ T (f)] where s′ = s[x 7→
v]. Furthermore, qp′ = qp[k 7→ [|Q|]k] where {P}f{Q} ∈ Γ and k ∈
dom(tp′) \ dom(tp). Also, hp′(Ω) = hp(Ω), and there exist h1,h2, such
that hp(j) = h1 ∗w h2 and (h2, n) ∈ [|P |]k(w), while hp′(j) = h1[v 7→ k] and
hp′(k) = h2.

• Finally, if c is join(E), then w([|E|]s) = T (f) for some f . Also, hp(j) =
h1 ∗w [[|E|]s 7→ k] where k ∈ dom(tp) \ dom(tp′). Furthermore, w′ =
w|dom(w)\{[|E|]s}, hp′(Ω) = hp(Ω), and hp′(j) = h1 ∗w hp(k).

The extra index n over which this relation is indexed serves as a maximal
step counter whenever a predicate is interpreted, since they are only valid “up
to” some number of steps.

5.3 Safety, Consistency and Correctness
In order to prove soundness, we make use of a method first developed by Vik-
tor Vafeiadis [Vaf11] which relies on the use of a safety predicate stipulating
what a correct configuration should look like and being maintained by logical
transitions.

In our case, the safety predicate stipulates that, up to a given number of
steps, the configuration d it considers will be semantically correct. Intuitively,
this means the following:

• d is consistent.

• d cannot reduce to abort in one step.

• The private heap of any thread which has finished execution (i.e. it only
needs to execute skip) satisfies its post-condition.

• If d reduces to another configuration d′, then d′ is safe up to a smaller
number of steps. (“Preservation”)

• If the configuration corresponding to d reduces in the standard operational
semantics then d reduces. (“Progress”)

The notion of consistency is a weaker form of correctness which only per-
forms basic checks at a given stage, without considering further reductions.

Consistency
A configuration d = (w, hp, s, tp, qp) is consistent, which is written cons(d),

if the following properties hold:

• dom(w) = dom(hp).
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• For every l and all j ̸= k, if l ∈ dom(hp(j)) ∩ dom(hp(k)), then w(l) =
Lock(−).

• For every j, the predicate qp(j) is local.

• For every l, if w(l) = Cell, then there exists j such that l ∈ dom(hp(j))
and hp(j)(l) ̸= U .

• For every l, if w(l) = Lock(p), then the predicate p is local.

• For every l, if w(l) = T (fi), then ∃j, k such that l ∈ dom(hp(j)) and
hp(j)(l) = k and qp(k) = [|Qi|]k. Furthermore, j ̸= k. Here {Pi}fi{Qi}
comes from the global environment Γ.

Theorem 5.3.1 If cons(d) and d
n→j d′, then cons(d′

).

Proof By induction.

Finally, the formal definition of safety is the following:

Safety
Let d = (w, hp, s, tp, qp). The predicate safen(d) is defined by induction on n

as follows. safe0(d) always holds, and safen+1(d) holds iff:

• d is consistent, i.e., cons(d) holds.

• ∀j ∈ dom(tp), ∀h such that h⊥hp, there is no reduction of the form (|hp ∗
h|, s, tp) −→j abort.

• ∀j ∈ dom(tp). tp(j) = skip =⇒ (hp(j), n) ∈ qp(j)(w)

• If d
m→j d′, then safemin(n,m)(d

′).

• If (|hp|, s, tp) →j (h′, s′, tp′), then d
n→j d′ for some d′.

5.4 Soundness
It remains to define what semantic validity of a Hoare triple {P}c{Q} really
means. Intuitively, it could be defined as: if one executes c in a state satisfying
[|P |], then execution will not abort and will eventually finish in a state satisfying
[|Q|]. This can be neatly factored into the following:

∀n ∈ N, ∀w, s, ∀(h, n) ∈ [|P |]s, safen(w, [1 7→ h], s, [1 7→ c], [1 7→ [|Q|]s])

This, however, is too limited a definition: it only permits execution in a
non-concurrent setting where a single thread is executing. In order to allow
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concurrent execution while keeping interference under control, a very elegant
solution is to allow composition of this simple, unique thread state executing c
with any safe state (up to some index).

This allows the complete abstraction of the interferences between different
threads, where the non-deterministic character of the operational semantics re-
ductions is confined to the safety predicate.

We can now define semantic validity of Hoare triples.

Semantic validity

Γ ⊨j {P}c{Q}

is defined as
∀m < j, ∀w, hp, s, tp, qp,

if (∀i ∈ dom(Γ),Γ ⊨m {Pi}c_i{Qi} ∧ safem(w, hp, s, tp, qp)) then

∀k ̸∈ dom(hp), ∀w′ such that w ∗ w′ is well defined,

∀(h, n) ∈ [|P |]ks(w ∗ w′),

(h⊥hp ∧ cons(w ∗ w′, hp[k 7→ h], s, tp[k 7→ c], qp[k 7→ [|Q|]k])) ⇒

safemin(m,n)(w ∗ w′, hp[k 7→ h], s, tp[k 7→ c], qp[k 7→ [|Q|]k]).

This can be extended to full programs in a straightforward way:

Semantic validity on full programs

⊨j let fi : {Pi}c_i{Qi} in {P}c{Q}

is defined as
∀i,Γ ⊨j {Pi}c_i{Qi} ∧ Γ ⊨j {P}c{Q}

Finally, soundness is formulated in the usual way, with the elimination of
the step indices.

Theorem 5.4.1 (Soundness)

⊢ let fi : {Pi}c_i{Qi} in {P}c{Q} ⇒
∀j, ⊨j let fi : {Pi}c_i{Qi} in {P}c{Q}
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Proof (sketch)We prove soundness separately for each proof rule, in each case
using strong induction on the index of the safety predicate. The proofs are
relatively straightforward, consisting mostly in unfolding various definitions,
considering all reduction steps that can be taken from the initial state and then
proving safety of the new state.

Using lemma 5.5.1, it is enough to consider reductions in the newly added
thread k when proving safety. Here the case of the “fork” rule is the most
challenging, since (informally speaking) after a “fork” reduction there are two
threads that need to be added to the “base” configuration, while the definition
of soundness only allows adding one at a time. By using the locality property
(Proposition 4.5.2) of preconditions of forkable threads, one can add the newly
forked thread first, and then the old thread. Using precision of the considered
predicates, we can then prove that the heap splitting operated by the transition
relation yields a new configuration suitable for using our induction hypotheses.

We present detailed proofs of the most relevant cases in section 5.5.

5.5 Detailed Proof Cases
5.5.1 Technical lemmas
The following result takes care of the cases where a reduction happens in a
thread other than the one we have just added.

Lemma 5.5.1 Assume that safej(w, hp, s, tp, qp) and cons(w ∗ w′, hp[k 7→ h], s,
tp[k 7→ c], qp[k 7→ q]) where k /∈ dom(tp), and

(w ∗ w′, hp[k 7→ h], s, tp[k 7→ c], qp[k 7→ q])
n→j d

for some j ̸= k. Then there exist w0, hp0, s0, tp0, and qp0 such that

d = (w0 ∗ w′, hp0[k 7→ h], s0, tp0[k 7→ c], qp0[k 7→ q])

and
(w, hp, s, tp, qp)

n→j (w0, hp0, s0, tp0, qp0).

Proof (sketch). By case analysis following the definition of the reduction re-
lation. The locality requirements in the definition of consistent configurations
are needed to obtain the reduction starting from (w, hp, s, tp, qp); intuitively, we
need to ensure that the relevant predicates which hold in world w ∗ w′ already
hold in world w.

We also prove a few small results on the operational semantics:

Lemma 5.5.2 If k ̸= j and (if tp(j) = join(E) then
h([|E|]s) ̸= k), then (h, s, tp) −→j abort ⇔ (h, s, tp[k 7→ c]) −→j abort

Lemma 5.5.3 If (h ∗ h′, s, tp) −→j abort, then (h, s, tp) −→j abort.

Proofs are all by simple inductions on the operational semantics.
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5.5.2 Sequential composition
Before proving soundness of sequential composition, we first need a technical
lemma:

Lemma 5.5.4 ∀j, ∀w, hp, s, tp, qp, k, Q, R, c1, c2, noting qpQ = qp[k 7→ [|Q|]k]
and qpR = qp[k 7→ [|R|]k], if

• safej(w, hp, s, tp[k 7→ c1], qpQ) (1)

• ⊨j {Q}c2{R}

then safej(w, hp, s, tp[k 7→ c1;c2], qpR).

Proof We proceed by induction on j. The only truly interesting case is when
(w, hp, s, tp[k 7→ c1; c2], qpR)

n→k (w′, hp′, s′, tp[k 7→ c1′; c2], qpR), for which we
want to prove safemin(j−1,n)(w

′, hp′, s′, tp[k 7→ c1;c2], qpR).
From the operational semantics, we get that (w, hp, s, tp[k 7→ c1], qpQ)

n→k

(w′, hp′, s′, tp[k 7→ c1'], qpQ) which, in conjunction with (1), gives
safemin(n,j−1)(w

′, hp′, s′, tp[k 7→ c1'], qpQ). Since min(j − 1, n) < j, we can
apply the induction hypothesis and conclude.

The proof rule for sequential composition is

⊢ {P}c1{Q} ⊢ {Q}c2{R}
⊢ {P}c1;c2{R}

Following the definition of soundness, we assume that ∀j,⊨j {P}c1{Q} (1)
and ∀j,⊨j {Q}c2{R} (2) and aim to prove that ∀j,⊨j {P}c1;c2{R}.

Proof We proceed by induction on j. The case where j = 0 is trivial since the
definition of ⊨ relies on properties for some m < j.

Let’s assume that ∀k ≤ j,⊨k {P}c1;c2{R} (3) and prove ⊨j+1 {P}c1;c2{R}.
Following the definition of ⊨, we need to prove safety for all m < j + 1, but

any m < j is obtained directly via (3), so we only need to consider the case
where m = j.

Let w, hp, s, tp, qp be fixed such that safej(w, hp, s, tp, qp) (4) holds. Let now
w′ and k ̸∈ dom(hp) be fixed. We choose (h, n) ∈ [|P |]ks(w ∗ w′) (5) such that
h⊥hp and cons(q ∗ w′, hp[k 7→ h], s, tp′, qp′) (6). We note tp′ = tp[k 7→ c1;c2]
and qp′ = qp[k 7→ [|R|]k]. Our goal is now to prove safemin(n,j)(w ∗ w′, hp[k 7→
h], s, tp′, qp′).

• cons(w ∗ w′, hp[k 7→ h], s, tp′, qp′) is exactly (6).

• Let’s assume there is a thread l such that (|hp ∗ h|, s, tp′) −→l abort. If
l ̸= k, we get from lemmas 5.5.2 and 5.5.3 that (|hp|, s, tp) −→l abort,
which is absurd by (4). If l = k, the operational semantics entails that
(|hp ∗ h|, s, tp[k 7→ c1]) −→l abort which contradicts (1).
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• For any l ∈ dom(tp′) such that tp′(l) = skip, we know from (4) that
(hp(l), j −1) ∈ qp(l)(w). Since tp′(k) ̸= skip, we have that k ̸= l and thus,
qp′(l) = qp(l) and hp[k 7→ h](l) = hp(l), hence that (hp[k 7→ h](l), j − 1) ∈
qp′(l)(w). Since min(n, j) ≤ j, we obtain (hp[k 7→ h](l), min(n, j) −
1) ∈ qp′(l)(w). Finally, with proposition 4.5.3, we conclude that (hp[k 7→
h](l), min(n, j) − 1) ∈ qp′(l)(w ∗ w′).

• If (w ∗ w′, hp[k 7→ h], s, tp′, qp′)
n→l (w0, hp0, s0, tp0, qp0), we want to show

safemin(j−1,n)(w0, hp0, s0, tp0, qp0). If l ̸= k, we conclude from lemma
5.5.1. If on the other hand, l = k, from (1), we obtain safemin(n,j)(w ∗
w′, hp[k 7→ h], s, tp[k 7→ c1], qp[k 7→ [|Q|]ks ]) (7). There are then two possi-
ble situations:

– If c1 = skip, we get (|hp ∗ h|, s, tp′) −→k (|hp ∗ h|, s, tp[k 7→ c2]).
From (7) and the safety definition, (h, min(n, j) − 1) ∈ [|Q|]k(w ∗
w′). From (2) with index j − 1, we get safemin(j−1,min(n,j)−1)(w ∗
w′, hp[k 7→ h], s, tp[k 7→ c2], qp′). Since min(j − 1, min(n, j) − 1) =
min(n − 1, j − 1), we can conclude.

– If c1 ̸= skip and (|hp ∗ h|, s, tp[k 7→ c1]) −→k (|hp′|, s′, tp[k 7→ c1']),
from (7) we get that for some j′ < j and w′′, safej′(w′′, hp′, s′, tp[k 7→
c1'], qp[k 7→ [|Q|]ks ]). Since the thread local operational semantics is
deterministic, we want to show that
safej′(w′′, hp′, s′, tp[k 7→ c1';c2], qp′), which is obtained directly by
applying lemma 5.5.4.

• If (|hp∗h|, s, tp′) −→l (h0, s0, tp0), the fact that (w∗w′, hp[k 7→ h], s, tp′, qp′)
n→l d′ for some d′ follows from (4) and the definition of n→l.

5.5.3 Lock release
The proof rule for releasing a lock is

⊢ {Locked(E, P ) ∗ P}release(E){Ex(E, P )}

Let’s assume that ∀k ≤ j,⊨j {Locked(E, P ) ∗ P}release(E){Ex(E, P )} (1)
and let’s prove that this holds for j + 1.

We choose w, hp, s, tp, qp such that safej(w, hp, s, tp, qp) (2) holds. We then
choose k ̸∈ dom(hp), w′ such that w ∗ w′ is well defined. Let then (h, n) ∈
[|Locked(E, P ) ∗ P |]ks(w ∗ w′) (4), h⊥hp and cons(w ∗ w′, hp[k 7→ h], s, tp[k 7→
release(E)], qp[k 7→ [|Ex(E, P )|]k]) (5).

We note qp′ = qp[k 7→ [|Ex(E, P )|]k], tp′ = tp[k 7→ release(E)] and choose
and want to prove safemin(n,j)(w ∗ w′, hp[k 7→ h], s, tp′, qp′).

Proof We unfold the safety definition:
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• Consistency of the state is given by (5).

• If there was a reduction to abort in thread l, we could use the same argu-
ment than in the sequential composition proof to show that l ̸= k is absurd.
If l = k, the operational semantics tells us that h([|E|]s) ̸= k. By (4) and the
definition of [|Locked(E, P )|]ks , however, we have that h([|E|]s) = k, which
is absurd.

• Since the command to execute in thread k is not skip, we can conclude
by (2) and proposition 4.5.3 that all threads done executing satisfy their
post-conditions in qp′.

• If there is a transition of the form (w ∗ w′, hp[k 7→ h], s, tp′, qp′)
m→l

(w0, hp0, s0, tp0, qp0), the case where l ̸= k is handled by lemma 5.5.1.
If l = k, we know from the operational semantics and the definition of
n′

→k that w0 = w ∗ w′, s0 = s, tp0 = tp[k 7→ skip], qp0 = qp. Furthermore,
from (4), we know that (w ∗ w′)([|E|]s) = Lock(Q) for some Q, and there
exists (h1, n′) ∈ App(Q)(w ∗ w′) (6) such that h = h1 ∗w∗w′ h2 (7) and
hp0 = hp[k 7→ h2[[|E|]s 7→ U ],Ω 7→ hp(Ω) ∗w∗w′ h1] (7). We want to prove
safemin(m,n,j−1)(w ∗ w′, hp0, s, tp0, qp′).
From (4), ∃h3, h4 such that (h3, n) ∈ [|Locked(E, P )|]ks(w ∗ w′) (8) and
(h4, n) ∈ [|P |]ks(w ∗ w′) (9).
From (8) and the interpretation of Locked(E, P ), we get that App(Q)(w ∗
w′) =n−1 [|P |]ks(w ∗ w′). From (6), (h1, min(m, n − 1)) ∈ [|P |]ks(w ∗ w′).
From (9), (h4, min(m, n−1)) ∈ [|P |]ks(w∗w′). Since the resource invariants
are required to be precise, we can conclude that h4 = h1, and further than
h3 = h2.
Since now (h2, min(m, n − 1)) ∈ [|Locked(E, P )|]ks(w ∗ w′), we get that
(h2[[|E|]s 7→ U ], min(m, n − 1)) ∈ [|Ex(E, P )|]ks(w ∗ w′) (10).
We can then unfold the safety definition one last time. All cases are trivial,
with one exception: we now have tp0(k) = skip. From (10), we get that
(h2[[|E|]s 7→ U ], min(m, n − 1, j − 1)) ∈ [|Ex(E, P )|]ks(w ∗ w′) = qp′(k). We
also know that there will be no more reduction in thread k, so all reduction
cases are handled by lemma 5.5.1, which concludes our proof.

5.5.4 Lock creation
The proof rule for creating a lock is

⊢ {E 7→ _}make_lock_P(E){Locked(E, P )}

Let’s assume ∀k ≤ j,⊨k {E 7→ _}make_lock_P(E){Locked(E, P )} (1) and
let’s prove this also holds for j + 1.
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Let’s choose w, hp, s, tp, qp such that safej(w, hp, s, tp, qp) (2) holds. We pick
k ̸∈ dom(hp) and w′ such that w ∗ w′ is well defined. Let then (h, n) ∈ [|E 7→
_|]ks(w ∗ w′) (3), h⊥hp and cons(w ∗ w′, hp[k 7→ h], s, tp′, qp′). We note qp′ =
qp[k 7→ [|Locked(E, P )|]ks ] and tp′ = tp[k 7→ make_lock_P(E)] and want to prove
safemin(n,j)−1(w ∗ w′, hp[k 7→ h], s, tp′, qp′).

Proof • If there was a reduction to abort, it would have to be in thread k by
the same argument than in the sequential composition proof. This would
however contradict the operational semantics and (3), which implies there
is no execution fault.

• All threads finished executing satisfy their post-conditions follows directly
from (2) and tp′(k) ̸= skip.

• If (w ∗ w′, hp[k 7→ h], s, tp′, qp′)
m→k (w0, hp0, s0, tp0, qp0), we have from

the definition of the transition relation that hp0 = hp[k 7→ h′], w0 =
(w ∗ w′)[[|E|]s 7→ Lock(Abs([|P |]ks))], s0 = s, tp0 = tp[k 7→ skip] and
qp0 = qp′, with the notation h′ − h[[|E|]s 7→ k]. We now want to show
safemin(n−1,j−1,m(w0, hp[k 7→ h′], s, tp[k 7→ skip], qp′).
The only interesting case when we unfold the safety definition comes from
the fact that tp[k 7→ skip](k) = skip, which means we need to prove
(hp[k 7→ h′](k), min(n − 2, j − 2, m − 1) = (h′, min(n − 2, j − 2, m − 1) ∈
qp′(k)(w0) = [|Locked(E, P )|]ks(w0). [|E|]s is in the domains of both h′ and
w0, and h′([|E|]s) = k. Furthermore, for any w′′, p, App(Abs([|P |]ks))(w′′) =p

[|P |]ks(w′′).

5.5.5 Thread creation
The proof rule for fork is

Γ, {R}f{S} ⊢ {P ∗ tid(f, x)}c{Q}
Γ, {R}f{S} ⊢ {P ∗ R}let x = fork(f) in c{Q}

We assume ∀j,Γ ⊨j {P ∗ tid(f, x)}c{Q} (1) and {R}f : cf{Q} ∈ Γ (2) (note
that Γ here is not exactly the same as in the proof rule, as we “factor in” the
triple for f).

We now assume that ∀k ≤ j,Γ ⊨k {P ∗ R}let x = fork(f) in c{Q} (3)
and want to show that Γ ⊨j+1 {P ∗ R}let x = fork(f) in c{Q}.

Let us choose w, hp, s, tp, qp such that safej(w, hp, s, tp, qp) (4) and
Γ ⊨j {R}f{S} (5). We now choose k ̸∈ dom(hp), w′ such that w ∗ w′ is well de-
fined, (h, n) ∈ [|P ∗R|]ks(w∗w′) (6), h⊥hp and cons(w∗w′, hp[k 7→ h], s, tp′, qp′) (7).
We note qp′ = qp[k 7→ [|Q|]ks ] and tp′ = tp[k 7→ let x = fork(f) in c] and now
want to show safej(w ∗ w′, hp[k 7→ h], s, tp′, qp′).

Proof As in the other proof cases, most of the safety conditions follow directly
from (4). The only difficult condition is the case where a reduction happens in
thread k:
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(w∗w′, hp[k 7→ h], s, tp′, qp′)
m→k (w0, hp0, s0, tp0, qp0) for some i ̸∈ dom(tp′),

where s0 = s[x 7→ v], w0 = w[v 7→ T (f)], qp0 = qp′[i 7→ [|S|]i], tp0 = tp[k 7→
c, i 7→ cf]. Furthermore, there exists h1, h2 such that h = h1 ∗w∗w′ h2, h2 ∈
[|R|]i(w ∗ w′) and hp0 = hp[k 7→ h1[v 7→ i], i 7→ h2].

By (6), ∃h3, h4 such that h = h3∗w∗w′ h4, (h3, min(m, n−1, j−1)) ∈ [|P |]ks(w∗
w′) (8) and (h4, min(m, j − 1, n − 1)) ∈ [|R|]ks(w ∗ w′) (9). Using precision of R,
we can deduce that h1 = h3 and h2 = h4.

The key step is now to start from the “base state” (w, hp, s, tp, qp) and first
add the thread i, which we can do thanks to (5), (4), (7) and (9), which gives us
safemin(m,j−1,n−1)(w0, hp[i 7→ h2], s0, tp[i 7→ cf], qp[i 7→ [|S|]i]).

In order to be able to use (1) to add thread k and conclude, we first need to
apply the locality property of proposition 4.5.3 to (8), which gives that h1[v 7→
i] ∈ [|P ∗ tid(f, x)|]ks0

(w0). From there, using the soundness definition, we obtain
the desired safemin(m,n−1,j−1)(w0, hp0, s0, tp0, qp0).

5.5.6 Thread synchronisation
The proof rule for join is

Γ, {P}f{Q} ⊢ {tid(f, E)}join(E){Q}

We assume {P}f{Q} ∈ Γ (1) and ∀k ≤ j,Γ ⊨j {tid(f, E)}join(E){Q} (2).
Let w, hp, s, tp, qp be fixed such that safej(w, hp, s, tp, qp) (3). We choose

k ̸∈ dom(hp), w′ such that w ∗ w′ is well defined. Let (h, n) ∈ [|tid(f, E)|]ks(w ∗
w′) (4), h⊥hp and cons(w ∗ w′, hp[k 7→ h], s, tp′, qp′) (5).

We note qp′ = qp[k 7→ [|Q|]ks ], tp′ = tp[k 7→ join(E)], and want to show
safemin(j,n)(w ∗ w′, hp[k 7→ h], s, tp′, qp′).

Proof • Hypothesis (3) implies that if a thread reduces to abort, it has to
be k. From (4) and (7), we know there is a i such that h([|E|]s) = i and
i ∈ dom(tp). The operational semantics allows us to conclude that thread
k does not reduce into abort.

• We only show the proof for the first of the two kinds of “join” reductions.
If (w ∗ w′, hp[k 7→ h], s, tp′, qp′)

m→k (w0, hp0, s0, tp0, qp0), we know from
the definition of the reduction relation and (7) that there exists some i =
h([|E|]s) and that w0 = (w ∗ w′)|dom(w∗w′)\{[|E|]s}, s0 = s, tp0 = tp[k 7→
skip]|dom(tp′)\{i} and qp0 = qp′|domqp′\{i}. Furthermore, h = h1 ∗w∗w′

[[|E|]s 7→ i] for some h1 and hp0 = hp[k 7→ hp(k) ∗w∗w′ h1]|domhp′\{i}.
We prove the desired safemin(m,n−1,j−1)(w0, hp0, s, tp0, qp0) directly by
unfolding the safety definition. The only interesting case arises from
tp0(k) = skip. Since there was a reduction, we know that tp(i) = skip,
which from (1) and (3) gives that (hp(i), j − 1) ∈ [|Q|]is(w).
From the side condition on the join proof rule, we get (hp(i), j − 1) ∈
[|Q|]ks(w) (since the interpretation of Locked is the only one making use
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of the thread identifier). Using the locality property (proposition 4.5.3),
(hp(i), j − 1) ∈ [|Q|]ks(w0). Finally, we can weaken this into the desired
(hp0(k), min(n, j) − 2) ∈ [|Q|]ks(w0).



Conclusion

Contributions
The contributions to the two topics discussed in this dissertation are as follow.

In the first chapter, we have taken two of the most important results of con-
structive type theory, Seely’s proof that Martin-Löf’s intuitionistic type the-
ory can be interpreted in locally cartesian closed categories [See84], and that
dependent type theory can be used as a constructive metalanguage instead of
classical set theory [ML82] and combined them in the most natural way: we
interpreted the locally cartesian closed categorical model of Martin-Löf’s in-
tuitionistic type theory in a version of itself. To achieve this, we re-used the
notion of category with families which had been introduced by Peter Dybjer a
few years earlier [Dyb95], and interpret them as groupoid-style E-categories.

Furthermore, we provided a machine-checked proof of the key theorem that
E-locally cartesian closed categories are also E-categories with families, using
the proof assistant coq.

In the second part, chapters 2 through 5, we have presented an elegant and
relatively simple solution to a well-known problem. We have done so by com-
bining two methods already present in the literature. First, using topological
methods based on applying a version of the Banach’s fixed point theorem to
ultra-metric spaces to solve recursive domain equations. This is based on the
domain theoretical work of American and Rutten [AR89] and has been used in
similar contexts more recently, for instance by Birkedal et al. [BST10]. Second,
we used a proof method from Vafeiadis [Vaf11] to prove soundness of our model
with respect to a standard operational semantics. This method is based on the
idea of a safety predicate which stipulates properties of well behaved programs
and is inductively proved to be maintained through every possible interleaving
of a concurrent program. We have then provided such a paper proof for the
soundness of our ultra-metric based model.

One of the main obstacles in combining these methods and applying them to
the new setting of a logic for storable locks has been to specify a comprehensive
safety predicate which could then provide exactly the level of detail about the
program state that the soundness proof needs.
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Future work
There are a number of directions in which both works can be taken.

The coq script proposed in chapter 1, while proving the key theorem, is
not a complete interpretation of constructive type theory in itself. The data
structures manipulated were growing so complex that the limits of what could
be written manually in coq had been reached. The existence of many patterns
when building elaborate categorical structures seems to call for a greater level
of automation and inference of many trivial details.

Another issue still open is that of the coherence problem and whether it is
possible to relate our groupoid-style (type theory interpreted) E-cwf to proof-
irrelevant versions.

For storable locks, the great level of repetitive details and the multi-layered
induction proof cry for a machine-checked coq proof with some level of automa-
tion. This could also be based on Benton and Varming’s work on formalising
ultra-metric methods in coq [BBKV10].

An open problem, as described in section 3.4, is whether it is possible to
find example programs generic enough that they can not be proved in a model
with the syntactic limitation on lock sorts found in Gotsman et. al. [GBC+07].

Finally, another natural extension would be to allow not only storable locks,
but also storable procedures and callbacks, which would lead to an even greater
level of genericity and expressiveness. It is expected that the model we have
proposed would scale fairly well to such an extension.
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